Bose–Einstein condensation for two dimensional bosons in the Gross–Pitaevskii regime by Caraci, Cristina et al.








Bose–Einstein condensation for two dimensional bosons in the
Gross–Pitaevskii regime
Caraci, Cristina ; Cenatiempo, Serena ; Schlein, Benjamin
Abstract: We consider systems of N bosons trapped on the two-dimensional unit torus, in the Gross-
Pitaevskii regime, where the scattering length of the repulsive interaction is exponentially small in the
number of particles. We show that low-energy states exhibit complete Bose–Einstein condensation, with
almost optimal bounds on the number of orthogonal excitations.
DOI: https://doi.org/10.1007/s10955-021-02766-6






The following work is licensed under a Creative Commons: Attribution 4.0 International (CC BY 4.0)
License.
Originally published at:
Caraci, Cristina; Cenatiempo, Serena; Schlein, Benjamin (2021). Bose–Einstein condensation for two
dimensional bosons in the Gross–Pitaevskii regime. Journal of Statistical Physics, 183(3):39.
DOI: https://doi.org/10.1007/s10955-021-02766-6
Journal of Statistical Physics (2021) 183:39
https://doi.org/10.1007/s10955-021-02766-6
Bose–Einstein Condensation for Two Dimensional Bosons
in the Gross–Pitaevskii Regime
Cristina Caraci1 · Serena Cenatiempo2 · Benjamin Schlein1
Received: 17 December 2020 / Accepted: 19 April 2021 / Published online: 20 May 2021
© The Author(s) 2021
Abstract
We consider systems of N bosons trapped on the two-dimensional unit torus, in the Gross-
Pitaevskii regime, where the scattering length of the repulsive interaction is exponentially
small in the number of particles. We show that low-energy states exhibit complete Bose–
Einstein condensation, with almost optimal bounds on the number of orthogonal excitations.
Keywords Two dimensional Bose gas · Bose–Einstein condensation · Gross-Pitaevskii
regime · Interacting bosons
Mathematics Subject Classification 46N50 · 81V70 · 81V73 · 82B10 · 82B27 · 82D03
1 Introduction
We consider N ∈ N bosons trapped in the two-dimensional box Λ = [−1/2; 1/2]2 with
periodic boundary conditions. In the Gross-Pitaevskii regime, particles interact through a
repulsive pair potential, with a scattering length exponentially small in N . The Hamilton
operator is given by
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e2N V (eN (xi − x j )) (1)
and acts on a dense subspace of L2s (Λ
N ), the Hilbert space consisting of functions in L2(ΛN )
that are invariant with respect to permutations of the N particles. We assume here V ∈ L3(R2)
to be compactly supported and pointwise non-negative (i.e. V (x) ≥ 0 for almost all x ∈ R2).
We denote by a the scattering length of the unscaled potential V . We recall that in two













where R > R0, BR is the disk of radius R centered at the origin and the infimum is taken
over functions φ ∈ H1(BR) with φ(x) = 1 for all x with |x | = R. The unique minimizer of




V φ(R) = 0
in the sense of distributions. For R0 < |x | ≤ R, we have
φ(R)(x) = log(|x |/a)
log(R/a)
.
By scaling, φN (x) := φ(e









∀x ∈ R2 : e−N R0 < |x | ≤ R ,
for all x ∈ R2 with e−N R0 < |x | ≤ R. Here aN = e−N a.
The spectral properties of trapped two dimensional bosons in the Gross-Pitaevskii regime
(in the more general case where the bosons are confined by external trapping potentials) have
been first studied in [13,14,16]. These results can be translated to the Hamilton operator (1),
defined on the torus, with no external potential. They imply that the ground state energy EN
of (1) is such that





Moreover, they imply Bose–Einstein condensation in the zero-momentum mode ϕ0(x) =
1 for all x ∈ Λ, for any approximate ground state of (1). More precisely, it follows from [13]





〈ψN , HN ψN 〉 = 2π, (4)
the one-particle reduced density matrix γN = tr2,...,N |ψN 〉〈ψN | is such that
1 − 〈ϕ0, γN ϕ0〉 ≤ C N−δ̄ (5)
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for a sufficiently small δ̄ > 0. The estimate (5) states that, in many-body states satisfying (4)
(approximate ground states), almost all particles are described by the one-particle orbital ϕ0,
with at most N 1−δ ≪ N orthogonal excitations.
Similar results have been obtained starting from a three dimensional Bose gas, trapped
by a potential which is strongly confining in one direction, so that the system becomes
effectively two-dimensional [22]. Finally, let us also mention [5,10], where rigorous results
on the time-evolution in the two-dimensional Gross-Pitaevskii regime have been established
(in [5], the focus is on the dynamics of a three-dimensional gas, with strong confinement in
one direction).
For V ∈ L3(R2), our main theorem improves (3) and (5) by providing more precise
bounds on the ground state energy and on the number of excitations.
Theorem 1 Let V ∈ L3(R2) have compact support, be spherically symmetric and pointwise
non-negative. Then there exists a constant C > 0 such that the ground state energy EN of
(1) satisfies
2π N − C ≤ EN ≤ 2π N + C log N . (6)
Furthermore, consider a sequence ψN ∈ L2s (ΛN ) with ‖ψN ‖ = 1 and such that
〈ψN , HN ψN 〉 ≤ 2π N + K (7)
for a K > 0. Then the reduced density matrix γN = tr2,...,N |ψN 〉〈ψN | associated with ψN
is such that
1 − 〈ϕ0, γN ϕ0〉 ≤
C(1 + K )
N
(8)
for all N ∈ N large enough.
Remark We expect that the bounds of Theorem 1 can be extended to two-dimensional systems
of bosons trapped by an external potential (in three dimensions, similar estimates have been
recently established in [7,19]). In this case, the system exhibits condensation in the minimizer
of the Gross-Pitaevskii energy functional, as shown in [13,14,16].
It is interesting to compare the Gross-Pitaevskii regime with the thermodynamic limit,
where a Bose gas of N particles interacting through a fixed potential with scattering length
a is confined in a box with area L2, so that N , L → ∞ with the density ρ = N/L2 kept
fixed. Let b = | log(ρa2)|−1. Then, in the dilute limit ρa2 ≪ 1, the ground state energy per
particle in the thermodynamic limit is expected to satisfy
e0(ρ) = 4πρ2b
(
1 + b log b +
(





with γ the Euler’s constant. The leading order term on the r.h.s. of (9) has been first derived
in [21] and then rigorously established in [15], with an error rate b−1/5. The corrections up
to order b have been predicted in [1,18,20]. To date, there is no rigorous proof of (9). Some
partial result, based on the restriction to quasi-free states, has been recently obtained in [9,
Theorem 1].
Extrapolating from (9), in the Gross-Pitaevskii regime we expect |EN −2π N | ≤ C . While
our estimate (6) captures the correct lower bound, the upper bound is off by a logarithmic
correction. Eq. (8), on the other hand, is expected to be optimal (but of course, by (6), we
need to choose K = C log N to be sure that (7) can be satisfied). This bound can be used as
starting point to investigate the validity of Bogoliubov theory for two dimensional bosons in
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the Gross-Pitaevskii regime, following the strategy developed in [3] for the three dimensional
case; we plan to proceed in this direction in a separate paper.
The proof of Theorem 1 follows the strategy that has been recently introduced in [4]
to prove condensation for three-dimensional bosons in the Gross-Pitaevskii limit. There are,
however, additional obstacles in the two-dimensional case, requiring new ideas. To appreciate
the difference between the Gross-Pitaevskii regime in two- and three-dimensions, we can
compute the energy of the trivial wave function ψN ≡ 1. The expectation of (1) in this state
is of order N 2. It is only through correlations that the energy can approach (6). Also in three
dimensions, uncorrelated many-body wave functions have large energy, but in that case the
difference with respect to the ground state energy is only of order N (N V̂ (0)/2 rather than
4πaN ). This observation is a sign that correlations in two-dimensions are stronger and play
a more important role than in three dimensions (this creates problems in handling error terms
that, in the three dimensional setting, were simply estimated in terms of the integral of the
potential).
The paper is organized as follows. In Sect. 2 we introduce our setting, based on a descrip-
tion of orthogonal excitations of the condensate on a truncated Fock space. Factoring out
the condensate, we introduce an excitation Hamiltonian LN , unitarily equivalent to HN . In
Sects. 3 and 4 we define two additional unitary maps, modelling the correlation structure
characterising low-energy states. The first map is a generalized Bogoliubov transformation,
given by the exponential of an anti-symmetric operator B, quadratic in creation and anni-
hilation operators, see Eq. (33). Its action on LN leads to a second excitation Hamiltonian
GN ,α , whose vacuum expectation matches (6), at leading order. Unfortunately, GN ,α is not
coercive enough to directly show Bose–Einstein condensation. To overcome this difficulty,
we conjugate the main part of GN ,α (later denoted by G
eff
N ,α) with a second unitary map, given
by the exponential of an operator A, cubic in creation and annihilation operators, see Eq.
(44). This defines a renormalized excitation Hamiltonian RN ,α , where the singular interac-
tion is regularized. In Sect. 5 we combine the bounds on GN ,α and RN ,α with a localization
argument proposed in [11] for the number of excitations to conclude the proof of Theorem 1.
Section 6 and App. 1 are devoted to the proof of the bounds on GN ,α and on RN ,α stated in
Sects. 3 and 4, respectively. Finally, in App. 1, we establish some properties of the solution
of the Neumann problem associated with the two-body potential V .
2 The Excitation Hamiltonian
Low-energy states of (1) exhibit condensation in the zero-momentum mode ϕ0 defined by
ϕ0(x) = 1 for all x ∈ Λ = [−1/2; 1/2]2. Similarly as in [2,4,11], we are going to describe








constructed on the orthogonal complement L2⊥(Λ) of ϕ0 in L
2(Λ). To reach this goal, we
define a unitary map UN : L2s (ΛN ) → F
≤N
+ by requiring that UN ψN = {α0, α1, . . . , αN },
with α j ∈ L2⊥(Λ)⊗s j , if
ψN = α0ϕ⊗N0 + α1 ⊗s ϕ
⊗(N−1)
0 + · · · + αN
123
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for all ψN ∈ L2s (ΛN ). It is then easy to check that U∗N : F
≤N
+ → L2s (ΛN ) is given by






and that U∗N UN = 1, i.e. UN is unitary.
With UN , we can define the excitation Hamiltonian LN := UN HN U∗N , acting on a
dense subspace of F
≤N
+ . To compute the operator LN , we first write the Hamiltonian (1)
in momentum space, in terms of creation and annihilation operators a∗p, ap , for momenta

















is the Fourier transform of V , defined for all k ∈ R2 (in fact, (1) is the restriction of (10) to the
N -particle sector of the Fock space). We can now determine LN using the following rules,
describing the action of the unitary operator UN on products of a creation and an annihilation


































pap is the number of particles operator on F
≤N
+ . We conclude that















V̂ (0)(N − 1)(N − N+) +
1
2



















































where we introduced generalized creation and annihilation operators









for all p ∈ Λ∗+.
On states exhibiting complete Bose–Einstein condensation in the zero-momentum mode




N and we can therefore expect that b∗p ≃ a∗p and that bp ≃ ap . From
the canonical commutation relations for the standard creation and annihilation operators
ap, a
∗
p , we find









[bp, bq ] = [b∗p, b∗q ] = 0 .
(14)
Furthermore,
[bp, a∗q ar ] = δpqbr , [b∗p, a∗q ar ] = −δpr b∗q
for all p, q, r ∈ Λ∗+; this implies in particular that [bp, N+] = bp , [b∗p, N+] = −b∗p . It
is also useful to notice that the operators b∗p, bp , like the standard creation and annihilation
operators a∗p, ap , can be bounded by the square root of the number of particles operators; we
find
‖bpξ‖ ≤ ‖N 1/2+ ξ‖ , ‖b∗pξ‖ ≤ ‖(N+ + 1)1/2ξ‖
for all ξ ∈ F≤N+ . Since N+ ≤ N on F≤N+ , the operators b∗p, bp are bounded, with
‖bp‖, ‖b∗p‖ ≤ (N + 1)1/2.
3 Quadratic Renormalization
From (13) we see that conjugation with UN extracts, from the original quartic interaction in





In particular, the expectation of LN on the vacuum state Ω is of order N
2, this being an
indication of the fact that there are still large contributions to the energy hidden among cubic
123
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N . Since UN only removes products of the zero-energy mode
ϕ0, correlations among particles remain in the excitation vector UN ψN . Indeed, correlations
play a crucial role in the two dimensional Gross-Pitaevskii regime and carry an energy of
order N 2.
To take into account the short scale correlation structure on top of the condensate, we
consider the solution fℓ of the equation
(




fℓ(x) = λℓ fℓ(x) (15)
associated with the smallest possible eigenvalue λℓ, on the ball |x | ≤ eN ℓ, with Neumann
boundary conditions and normalized so that fℓ(x) = 1 for |x | = eN ℓ. Here and in the










N x) = e2N λℓ fℓ(eN x)
on the ball |x | ≤ ℓ. We choose ℓ < 1/2, so that the ball of radius ℓ is contained in the box
Λ = [−1/2; 1/2]2. We extend then fℓ(eN .) to Λ, by setting fN ,ℓ(x) = fℓ(eN x), if |x | ≤ ℓ
and fN ,ℓ(x) = 1 for x ∈ Λ, with |x | > ℓ. Then, assuming also that R0e−N < ℓ (later we
will choose ℓ = N−α , so this condition is satisfied, for all N large enough),
(





fN ,ℓ(x) = e2N λℓ fN ,ℓ(x)χℓ(x) , (16)
where χℓ is the characteristic function of the ball of radius ℓ. The Fourier coefficients of the





N x)e−i p·x dx
for all p ∈ Λ∗. We introduce also the function wℓ(x) = 1− fℓ(x) for |x | ≤ eN ℓ and extend
it by setting wℓ(x) = 0 for |x | > eN ℓ. Its re-scaled version is defined by wN ,ℓ : Λ → R
wN ,ℓ(x) = wℓ(eN x) if |x | ≤ ℓ and wN ,ℓ = 0 if x ∈ Λ with |x | > ℓ.










We find f̂N ,ℓ(p) = δp,0 − e−2N ŵℓ(e−N p). From the Neumann problem (16) we obtain





V̂ (e−N (p − q)) f̂N ,ℓ(q)=e2N λℓ
∑
q∈Λ∗
χ̂ℓ(p − q) f̂N ,ℓ(q).
(18)
where we used the notation χ̂ℓ for the Fourier coefficients of the characteristic function on
the ball of radius ℓ. Note that χ̂ℓ(p) = ℓ2 χ̂(ℓp) with χ̂(p) the Fourier coefficients of the
characteristic function on the ball of radius one.
In the next lemma, we collect some important properties of the solution of (15).
Lemma 1 Let V ∈ L3(R2) be non-negative, compactly supported (with range R0) and
spherically symmetric, and denote its scattering length by a. Fix 0 < ℓ < 1/2, N sufficiently
large and let fℓ denote the solution of (16). Then
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(i)




(eN ℓ)2 log(eN ℓ/a)
∣∣∣∣ ≤
C
(eN ℓ)2 log2(eN ℓ/a)
(19)
(iii) There exists a constant C > 0 such that
∣∣∣∣
∫







(iv) There exists a constant C > 0 such that
|wℓ(x)| ≤
{









|x | + 1 for all |x | ≤ e
N ℓ
(21)
(v) Let wN ,ℓ = 1− fN ,ℓ with fℓ,N = fℓ(eN x). Then the Fourier coefficients of the function





Proof The proof of points (i)–(iv) is deferred in Appendix B. To prove point v) we use the
scattering equation (18):
ŵℓ(e











χ̂ℓ(p − q) f̂N ,ℓ(q).




[∣∣(V̂ (e−N ·) ∗ f̂N ,ℓ)(p)
∣∣ + 2e2N λℓ

















We now define η̌ : Λ → R through
η̌(x) = −NwN ,ℓ(x) = −Nwℓ(eN x) . (23)
With (21) we find
|η̌(x)| ≤
{
C N if |x | ≤ e−N R0
C log(ℓ/|x |) if e−N R0 ≤ |x | ≤ ℓ
(24)
and in particular, recalling that e−N R0 < ℓ ≤ 1/2,
|η̌(x)| ≤ C max(N , log(ℓ/|x |)) ≤ C N (25)
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for all x ∈ Λ. Using (24) we find
‖η‖2 = ‖η̌‖2 ≤ C
∫
|x |≤ℓ
| log(ℓ/|x |)|2d2x ≤ Cℓ2
∫ 1
0
(log r)2rdr ≤ Cℓ2 .
In the following we choose ℓ = N−α , for some α > 0 to be fixed later, so that
‖η‖ ≤ C N−α . (26)
This choice of ℓ will be crucial for our analysis, as commented below. Notice, on the other












(|x | + 1)2 d
2x ≤ C N
for N ∈ N large enough. We denote with η : Λ∗ → R the Fourier transform of η̌, or
equivalently
ηp = −N ŵN ,ℓ(p) = −Ne−2N ŵℓ(p/eN ) . (27)




for all p ∈ Λ∗+ = 2πZ2\{0}, and for some constant C > 0 independent of N , if N is large
enough. From (26) we also have
‖η‖∞ ≤ C N−α . (29)




(V̂ (./eN ) ∗ f̂N ,ℓ)(p) = Ne2N λℓ(χ̂ℓ ∗ f̂N ,ℓ)(p) (30)








V̂ ((p − q)/eN )ηq
= Ne2N λℓχ̂ℓ(p) + e2N λℓ
∑
q∈Λ∗
χ̂ℓ(p − q)ηq .
(31)
We will mostly use the coefficients ηp with p = 0. Sometimes, however, it will be useful






N x)d2x ≤ C
∫
|x |≤ℓ
log(ℓ/|x |)d2x + C Ne−N ≤ Cℓ2 . (32)
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We refer to operators of the form (34) as generalized Bogoliubov transformations. In contrast
with the standard Bogoliubov transformations















defined in terms of the standard creation and annihilation operators, operators of the form
(34) leave the truncated Fock space F
≤N
+ invariant. On the other hand, while the action of
standard Bogoliubov transformation on creation and annihilation operators is explicitly given
by
e−B̃ape
B̃ = cosh(ηp)ap + sinh(ηp)a∗−p
there is no such formula describing the action of generalized Bogoliubov transformations.
Conjugation with (34) leaves the number of particles essentially invariant, as confirmed
by the following lemma.
Lemma 2 Assume B is defined as in (33), with η ∈ ℓ2(Λ∗) and ηp = η−p for all p ∈ Λ∗+.
Then, for every n ∈ N there exists a constant C > 0 such that, on F≤N+ ,
e−B(N+ + 1)neB ≤ CeC‖η‖(N+ + 1)n . (36)
as an operator inequality on F
≤N
+ .
The proof of (36) can be found in [6, Lemma 3.1] (a similar result has been previously
established in [23]).
With the generalized Bogoliubov transformation eB : F≤N+ → F≤N+ , we define a new,
renormalized, excitation Hamiltonian GN ,α : F≤N+ → F≤N+ by setting
GN ,α = e−BLN eB = e−BUN HN U∗N eB . (37)










V̂ (r/eN )a∗p+r a
∗
q aq+r ap (38)
for the kinetic and potential energy operators, restricted on F
≤N
+ , and HN = K + VN . We
also introduce a renormalized interaction potential ωN ∈ L∞(Λ), which is defined as the
function with Fourier coefficients ω̂N
ω̂N (p) := gN χ̂(p/Nα) , gN = 2N 1−2αe2N λℓ (39)
for any p ∈ Λ∗+, and
ω̂N (0) = gN χ̂(0) = πgN . (40)
with χ̂(p) the Fourier coefficients of the characteristic function of the ball of radius one.
From (19) and ℓ = N−α one has |gN | ≤ C . Note in particular that the potential ω̂N (p)
123
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decays on momenta of order Nα , which are much smaller than eN . From Lemma 1 parts (i)
and (iii) we find




∣∣∣ ω̂N (0) − 4π
(
1 + α log N
N
) ∣∣∣ ≤ C
N
. (41)
Proposition 1 Let V ∈ L3(R2) be compactly supported, pointwise non-negative and spher-







































Then there exists a constant C > 0 such that EG = GN ,α − GeffN ,α is bounded by
|〈ξ, EG ξ 〉| ≤ C
(
N 1/2−α + N−1(log N )1/2
)
‖H1/2N ξ‖‖(N+ + 1)
1/2ξ‖
+ C N 1−α‖(N+ + 1)1/2ξ‖2 + C‖ξ‖2
(43)
for all α > 1, ξ ∈ F≤N+ and N ∈ N large enough.
The proof of Proposition 1 is very similar to the proof of [3, Prop. 4.2]. For completeness,
we discuss the changes in Appendix A.
4 Cubic Renormalization
Conjugation with the generalized Bogoliubov transformation (35) renormalizes constant and
off-diagonal quadratic terms on the r.h.s. of (42). In order to estimate the number of excitations
N+ through the energy and show Bose–Einstein condensation, we still need to renormalize
the diagonal quadratic term (the part proportional to N V̂ (0)N+, on the first line of (42)) and
the cubic term on the second line of (42). To this end, we conjugate GeffN ,α with an additional









−r av − h.c.
]
(44)
with ηp defined in (27).
An important observation is that while conjugation with eA allows to renormalize the
large terms in GN ,α , it does not substantially change the number of excitations. The following
proposition can be proved similarly to [4, Proposition 5.1].
Proposition 2 Suppose that A is defined as in (44). Then, for any k ∈ N there exists a constant
C > 0 such that the operator inequality
e−A(N+ + 1)keA ≤ C(N+ + 1)k
holds true on F
≤N
+ , for any α > 0 (recall the choice ℓ = N−α in the definition (27) of the
coefficients ηr ), and N large enough.
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39 Page 12 of 72 C. Caraci et al.
We will also need to control the growth of the expectation of the energy HN with respect
to the cubic conjugation. This is the content of the following proposition, which is proved in
Sect. 6.1.
Proposition 3 Let A be defined as in (44). Then there exists a constant C > 0 such that
e−s AHN e
s A ≤ CHN + C N (N+ + 1) (45)
for all α ≥ 1, s ∈ [0; 1] and N ∈ N large enough.
We use now the cubic phase eA to introduce a new excitation Hamiltonian, obtained by
conjugating the main part GeffN ,α of GN ,α . We define
RN ,α := e−A GeffN ,α eA (46)
on a dense subset of F
≤N
+ . Conjugation with e
A renormalizes both the contribution propor-
tional to N+ (in the first line on the r.h.s. of (42)) and the cubic term on the r.h.s. of (42),
effectively replacing the singular potential V̂ (p/eN ) by the renormalized potential ω̂N (p)
defined in (39). This follows from the following proposition.
Proposition 4 Let V ∈ L3(R2) be compactly supported, pointwise non-negative and spher-






(N − 1) ω̂N (0)(1 − N+/N ) +
1
2
































Then for ℓ = N−α and α > 2 there exists a constant C > 0 such that ER = RN ,α − ReffN ,α
is bounded by
± ER ≤ C[N 2−α + N−1/2(log N )1/2](HN + 1) , (48)
for N ∈ N sufficiently large.
The proof of Proposition 4 will be given in Sect. 6. We will also need more detailed
information on ReffN ,α , as contained in the following proposition.
Proposition 5 Let R
eff
N ,α be defined in (47). Then, for every c > 0 there is a constant C > 0
(large enough) such that
R
eff










for all α > 2 and N ∈ N large enough.
Moreover, let f , g : R → [0; 1] be smooth, with f 2(x) + g2(x) = 1 for all x ∈ R. For
M ∈ N, let fM := f (N+/M) and gM := g(N+/M). Then there exists C > 0 such that
R
eff
N ,α = fM R
eff
N ,α fM + gM R
eff
N ,α gM + ΘM (50)
123










for all α > 2, M ∈ N and N ∈ N large enough.
























−r av + h.c.
]





































|r |2 ‖(N+ + 1)
1/2avξ‖2
]1/2




‖K1/2ξ‖‖(N+ + 1)ξ‖ .
(53)
As for the off-diagonal quadratic term on the r.h.s of (51), we combine it with part of the
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To bound the first terms on the r.h.s. of the last equation, we use the term ω̂N (0)N+, in (51).
To this end, we observe that, with (41),
|ω̂N (p)|2
4(1 − μ)p2 ≤
|ω̂N (0)|2









for every p ∈ Λ∗+ (notice that |p| ≥ 2π , for every p ∈ Λ∗+) and for N large enough (recall
the choice μ = C/ log N ). Inserting (53) and (55) in (51) and using the kinetic energy
μK = C(log N )−1K (remaining after subtracting the term (1 − μ)K needed on the l.h.s. of

















− C (log N )
2
N
N 2+ − C .
(56)
Let us now consider the second term on the r.h.s more carefully. Using that, from (39),





































For q ∈ R2, let us define h(q) = 1/p2, if q is contained in the square of side length 2π
centered at p ∈ Λ∗+ (with an arbitrary choice on the boundary of the squares). We can then












Bose–Einstein Condensation for 2D Bosons in the Gross–Pitaevskii Regime Page 15 of 72 39




















dq + C ≤ 2πα log N + C .







≤ 2πα log N + C .
Combining the last bound with (41) (and noticing that the contribution proportional to log N
cancels exactly), from (56) we obtain









N 2+ − C
which proves (49).




















≤ C(log N )1/2‖(N+ + 1)1/2ξ‖‖K1/2ξ‖
it follows that
ReffN ,α = 2π N + HN + θN ,α (58)
where for arbitrary δ > 0, there exists a constant C > 0 such that
± θN ,α ≤ δHN + C(log N ) (N+ + 1) . (59)
We now note that for f : R → R smooth and bounded and θN ,α defined above, there exists
a constant C > 0 such that
± [ f (N+/M), [ f (N+/M), θN ,α]] ≤ C
log N
M2
‖ f ′‖2∞(HN + 1) (60)
for all α > 2 and N ∈ N large enough. The proof of (60) follows analogously to the
one for (59), since the bounds leading to (59) remain true if we replace the operators b#p ,
# = {·, ∗}, and a∗paq with [ f (N+/M), [ f (N+/M), b#p]] or [ f (N+/M), [ f (N+/M), a∗paq ]]
respectively, provided we multiply the r.h.s. by an additional factor M−2‖ f ′‖2∞, since, for
example
[ f (N+/M), [ f (N+/M), bp]] =
(
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and ‖ f (N+/M) − f ((N+ + 1)/M)‖ ≤ C M−1‖ f ′‖∞. With an explicit computation we
obtain




[ fM , [ fM , ReffN ,α]] + [gM , [gM , ReffN ,α]]
)
Writing ReffN ,α as in (58) and using (60) we get
±
(
[ fM , [ fM , ReffN ,α]] + [gM , [gM , ReffN ,α]]
)
≤ C log N
M2
(






5 Proof of Theorem 1
The next proposition combines the results of Propositions 1, 4 and 5. Its proof makes use
of localization in the number of particle and is an adaptation of the proof of [4, Proposition
6.1]. The main difference w.r.t. [4] is that here we need to localize on sectors of F≤N where
the number of particles is o(N ), in the limit N → ∞.
Proposition 6 Let V ∈ L3(R2) be compactly supported, pointwise non-negative and spher-
ically symmetric. Let GN ,α be the renormalized excitation Hamiltonian defined as in (37).
Then, for every α ≥ 5/2, there exist constants C, c > 0 such that
GN ,α − 2π N ≥ c N+ − C (61)
for all N ∈ N sufficiently large.
Proof Let f , g : R → [0; 1] be smooth, with f 2(x) + g2(x) = 1 for all x ∈ R. Moreover,
assume that f (x) = 0 for x > 1 and f (x) = 1 for x < 1/2. For a small ε > 0, we fix
M = N 1−ε and we set fM = f (N+/M), gM = g(N+/M). It follows from Proposition 5
that
ReffN ,α − 2π N ≥ fM
(




ReffN ,α − 2π N
)
gM
− C N 2ε−2(log N )(HN + 1)
(62)
Let us consider the first term on the r.h.s. of (62). From Proposition 5, for all α > 2 there
exist c, C > 0 such that
ReffN ,α − 2π N ≥ c N+ −
C
N
(log N )2 N 2+ − C . (63)
On the other hand, with (58) and (59) we also find
ReffN ,α − 2π N ≥ cHN − C(log N ) (N+ + 1) (64)









With the last bound, Eq. (63) implies that
fM
(
ReffN ,α − 2π N
)
fM ≥ c f 2MN+ − C (65)
for N large enough.
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Bose–Einstein Condensation for 2D Bosons in the Gross–Pitaevskii Regime Page 17 of 72 39
Let us next consider the second term on the r.h.s. of (62). We claim that there exists a
constant c > 0 such that
gM
(
ReffN ,α − 2π N
)
gM ≥ cNg2M (66)
for all N sufficiently large. To prove (66) we observe that, since g(x) = 0 for all x ≤ 1/2,
gM
(













≥M/2 = {ξ ∈ F
≤N
+ : ξ = χ(N+ ≥ M/2)ξ} is the subspace of F≤N+ where states
with at least M/2 excitations are described (recall that M = N 1−ε). To prove (66) it is enough





〈ξ, ReffN ,αξ 〉 − 2π ≥ C (67)
for all N large enough. On the other hand, using the definitions of GN ,α in (42), RN ,α and
















with EL = ER + e−AEGeA. The bounds (43) and (48), together with Propositions 2 and 3,
imply that for any α ≥ 5/2 there exists C > 0 such that
±EL ≤ C N−1/2(log N )1/2
[
(HN + 1) + e−A
(





≤ C N−1/2(log N )1/2(HN + 1) + C
With (64) we obtain
± EL ≤ C N−1/2(log N )1/2
(
ReffN ,α − 2π N
)
+ C N−1/2(log N )3/2N+ + C , (68)
and therefore, with N+ ≤ N









+ C N 1/2(log N )3/2 + C .






















(log N )3/2 − C N−1 → 0
as N → ∞. If we assume by contradiction that (67) does not hold true, then we can find a








〈ξ, ReffN j ,αξ 〉 − 2π → 0
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as j → ∞ (here we used the notation M j = N 1−εj ). This implies that there exists a sequence
ξ̃N j ∈ F
≤N j





〈ξ̃N j , ReffN j ,α ξ̃N j 〉 = 2π .
On the other hand, using the relation ReffN j ,α = e
−AGN j ,αe
A − EL, j with EL, j satisfying the
bound (68) (with N+ ≤ N j ), we obtain that there exist constants c1, c2, C > 0 such that
c1〈ξ̃N j ,
(
ReffN ,α − 2π N j
)
ξ̃N j 〉 − C N
1/2
j (log N j )
3/2
≤ 〈eA ξ̃N j ,
(
GN j ,α − 2π N j
)
eA ξ̃N j 〉
≤ c2〈ξ̃N j ,
(
ReffN ,α − 2π N j
)
ξ̃N j 〉 + C N
1/2
j (log N j )
3/2





〈ξN j , GN j ,αξN j 〉 = 2π .
Let now S := {N j : j ∈ N} ⊂ N and denote by ξN a normalized minimizer of GN ,α for all









〈ξN , GN ,αξN 〉 = 2π (69)
Eq. (69) shows that the sequence ψN is an approximate ground state of HN . From (5),
we conclude that ψN exhibits complete Bose–Einstein condensation in the zero-momentum
mode ϕ0, and in particular that there exists δ̄ > 0 such that
|1 − 〈ϕ0, γN ϕ0〉| ≤ C N−δ̄ .
Using Lemma 2, Proposition 2 and the rules (11), we observe that
1
N
〈ξN , N+ξN 〉 =
1
N
〈e−BUN ψN , N+e−BUN ψN 〉
≤ C
N

















as N → ∞.















ReffN ,α − 2π N
)
gM ≥ cN+g2M . (71)
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Inserting (65) and (71) on the r.h.s. of (62), we obtain that
ReffN ,α − 2π N ≥ cN+ − C(log N )N 2ε−2(HN + 1) − C (72)
for N large enough. With (64), (72) implies
ReffN ,α − 2π N ≥ cN+ − C .
To conclude, we use the relation e−AGN ,αeA = ReffN ,α + EL and the bound (68). We have
that for α ≥ 5/2 there exist c, C > 0 such that
GN ,α − 2π N ≥ ceA
(
ReffN ,α − 2π N
)
e−A − C N−1/2(log N )3/2eAN+eA − C
≥ c eAN+e−A − C ≥ cN+ − C
where we used (72) and Proposition 2. ⊓⊔
We are now ready to show our main theorem.
Proof of Theorem 1 Let EN be the ground state energy of HN . Evaluating (42) and (43) on
the vacuum Ω ∈ F≤N+ and using (40), we obtain the upper bound
EN ≤ 2π N + C log N .
Notice that we cannot reach the expected optimal upper bound EN ≤ 2π N + C because of
the logarithmic correction in ω̂N (0) (see (40)). In the lower bound, this logarithmic factor
is compensated by the contribution arising from the off-diagonal quadratic term, extracted
starting from (54). To obtain the same term for the upper bound, we would have to modify
our trial state (diagonalizing the quadratic terms in RN ,α); this, however, would produce
even larger contributions arising from the potential energy.
With Eq. (61) we also find the lower bound EN ≥ 2π N − C . This proves (6).
Let now ψN ∈ L2s (ΛN ) with ‖ψN ‖ = 1 and
〈ψN , HN ψN 〉 ≤ 2π N + K . (73)
We define the excitation vector ξN = e−BUN ψN . Then ‖ξN ‖ = 1 and, recalling that GN ,α =
e−BUN HN U∗N e
B we have, with (61),
〈










− C . (74)
From Eqs. (73) and (74) we conclude that
〈ξN , N+ξN 〉 ≤ C(1 + K ) .
If γN denotes the one-particle reduced density matrix associated with ψN , using Lemma 2
we obtain
1 − 〈ϕ0, γN ϕ0〉 = 1 −
1
N
〈ψN , a∗(ϕ0)a(ϕ0)ψN 〉
= 1 − 1
N
〈U∗N eBξN , a∗(ϕ0)a(ϕ0)U∗N eBξN 〉
= 1
N
〈eBξN , N+eBξN 〉 ≤
C
N
〈ξN , N+ξN 〉 ≤
C(1 + K )
N
which concludes the proof of (8). ⊓⊔
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6 Analysis of the Excitation HamiltonianRN
In this section, we show Proposition 4, where we establish a lower bound for the operator













GeffN ,α = ON + K + ZN + CN + VN (76)








































We will analyze the conjugation of all terms on the r.h.s. of (76) in Sects. 6.2–6.6. The
estimates emerging from these subsections will then be combined in Sect. 6.6 to conclude
the proof of Proposition 4. Throughout the section, we will need Proposition 3 to control the
growth of the expectation of the energy HN = K + VN under the action of (75); the proof of
Proposition 3 is contained in Sect. 6.1.
In this section, we will always assume that V ∈ L3(R2) is compactly supported, pointwise
non-negative and spherically symmetric.
6.1 A Priori Bounds on the Energy
In this section, we show Proposition 3. To this end, we will need the following proposition.
Proposition 7 Let VN and A be defined in (38) and (44) respectively. Then, there exists a
constant C > 0 such that


















for any α > 0, for all ξ ∈ F≤N+ , and N ∈ N large enough.
Proof We proceed as in [4, Prop. 8.1], computing [a∗p+ua∗q apaq+u, b∗r+va∗−r av]. We obtain





V̂ ((u − r)/eN )ηr b∗u+va∗−uav + Θ1 + Θ2 + Θ3 + h.c.
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running over all momenta, except choices for which the argument of a creation
or annihilation operator vanishes. We conclude that δVN = Θ1 + Θ2 + Θ3 + h.c.. Next, we
show that each error term Θ j , with j = 1, 2, 3, satisfies (78). To bound Θ1 we switch to










dxdy e2N V (eN (x − y))‖ǎy ǎxξ‖2
≤C N−α‖V1/2N ξ‖
2 ,







dxdy e2N V (eN (x − y))〈ξ, b̌∗x ǎ∗(η̌x )ǎ∗y ǎx ǎyξ 〉
∣∣∣∣
≤ C N−α‖V1/2N ξ‖
2 .













dxdydz e2N V (eN (y − z))|η̌(x − z)|‖ǎx ǎy ǎzξ‖‖ǎx ǎyξ‖





dxdydz e2N V (eN (y − z))|η̌(x − z)|2‖ǎx ǎyξ‖2
]1/2
,
To bound the term in the square bracket, we write it in first quantized form and, for any
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e2N V (eN ·) ∗ |η̌|2
]
(xi − x j ) |ξ (n)(x1, . . . , xn)|2dx1 . . . dxn








|∇xi ξ (n)(x1, . . . , xn)|2 + |ξ (n)(x1, . . . , xn)|2
]
dx1 . . . dxn




With the bounds (25), (26),













+ ξ‖‖(K + N+)1/2N
1/2
+ ξ‖
≤ Cq1/2 N 1/2 N−α/q ′ N 1/q‖V1/2N ξ‖‖K
1/2ξ‖
for any 2 < q < ∞, if 1/q + 1/q ′ = 1. Choosing q = log N , we obtain that
|〈ξ,Θ2ξ 〉| ≤ C(log N )1/2 N 1/2−α‖H1/2N ξ‖
2 .
⊓⊔
Using Proposition 7, we can now show Proposition 3.
Proof of Proposition 3 The proof follows a strategy similar to [4, Lemma 8.2]. For fixed
ξ ∈ F≤N+ and s ∈ [0; 1], we define
fξ (s) := 〈ξ, e−s AHN es Aξ 〉 .
We compute
f ′ξ (s) = 〈ξ, e−s A[K, A]es Aξ 〉 + 〈ξ, e−s A[VN , A]es Aξ 〉 . (81)
With Proposition 7, we have












with δVN satisfying (78). Switching to position space and using Proposition 2 we find , using























dxdy e2N V (eN (x − y))‖ǎyes Aξ‖2
]1/2
≤ C N 1/2‖V1/2N e
s Aξ‖‖N 1/2+ es Aξ‖
(82)
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Together with (78) we conclude that for any α > 1/2
∣∣∣〈ξ, e−s A[VN , A]es Aξ 〉
∣∣∣ ≤ C〈ξ, e−s AHN es Aξ 〉 + C N 〈ξ, e−s A(N+ + 1)es Aξ 〉 (83)
if N is large enough. Next, we analyze the first term on the r.h.s. of (81). We compute


















−r av + h.c.
]
=: T1 + T2 .
(84)






















−r av + h.c.
]
=: T11 + T12 .
(85)
The contribution of T11 can be estimated similarly as in (82); switching to position space and





















for any ξ ∈ F≤N+ . The second term in (85) can be controlled using that for any ξ ∈ F≤N+ and






















≤ C N 2α/qq1/2‖(N+ + 1)1/2ξ‖
[
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≤ C N 2α−1/2
∫
Λ2
dxdy χ(|x − y| ≤ N−α)‖ǎx ǎyξ‖‖ǎxξ‖
≤ C(log N )1/2‖(N+ + 1)1/2ξ‖
[




With (86) and (88) we conclude that
|〈ξ, e−AT1eAξ 〉| ≤ C(log N )1/2‖(HN + 1)1/2es Aξ‖‖(N+ + 1)1/2es Aξ‖ . (89)














for any ξ ∈ F≤N+ . With (89) and Proposition 2, we conclude that
|〈ξ, e−s A[K, A]es Aξ 〉| ≤ C〈ξ, e−s AHN es Aξ 〉 + C log N 〈ξ, e−s AN+es Aξ 〉 .
Combining with Eq. (83) we obtain
|〈ξ, e−s A[HN , A]es Aξ 〉| ≤ C〈ξ, e−s AHN es Aξ 〉 + C N 〈ξ, e−s AN+es Aξ 〉 .
With Proposition 2 we obtain the differential inequality
| f ′ξ (s)| ≤ C fξ (s) + C N 〈ξ, (N+ + 1)ξ 〉 .
By Gronwall’s Lemma, we find (45). ⊓⊔
6.2 Analysis of e−AONe
A
In this section we study the contribution to RN ,α arising from the operator ON , defined in
(77). To this end, it is convenient to use the following lemma.
















| ≤ C N−α‖F‖∞‖(N+ + 1)1/2ξ1‖‖(N+ + 1)1/2ξ2‖
for all α > 0, ξ1, ξ2 ∈ F≤N+ , F ∈ ℓ∞(Λ∗+), and N ∈ N large enough.
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|Fr+v + F−r − Fv||ηr ||〈es Aξ1, b∗r+va∗−r aves Aξ2〉|
≤ C‖η‖‖F‖∞‖(N+ + 1)1/2ξ1‖‖(N+ + 1)1/2ξ2‖ .
where we used Proposition 2. ⊓⊔
We consider now the action of eA on the operator ON , as defined in (77).















N+(1 − N+/N )
+ δON
where
±δON ≤ C N 1−α(N+ + 1)
for all α > 0, and N ∈ N large enough.






































≤ C N 1−α(N+ + 1) .





































≤ C N−α‖(N+ + 1)1/2ξ‖
[
‖(N+ + 1)1/2ξ1‖ + ‖(N+ + 1)1/2ξ2‖
]
.
With Proposition 2, we have ‖(N+ + 1)1/2ξ1‖ ≤ C‖(N+ + 1)3/2ξ‖. ⊓⊔
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6.3 Contributions from e−AKeA
In Sect. 6.6 we will analyse the contributions to RN ,α arising from conjugation of the kinetic
energy operator K =
∑
p∈Λ∗+ p
2a∗pap . To this aim we will exploit properties of the commu-
tator [K, A], collected in the following proposition.
Proposition 9 Let A be defined as in (44) and ω̂N (r) be defined in (39). Then there exists a
constant C > 0 such that



















∣∣ ≤ C N−1(log N )1/2‖K1/2ξ‖‖N 1/2+ ξ‖ + C N−α‖K1/2ξ‖2 (91)














∣∣ ≤ C N−α(log N )1/2‖K1/2ξ‖2 + C N−1‖(N+ + 1)1/2ξ‖2 (92)
for all α > 1, ξ ∈ F≤N+ , and N ∈ N large enough.
Proof To show (91) we recall from Eqs. (84), (85) that































−r av + h.c.
]
= T11 + T12 + T2 .
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Hence, δK = T2 + T122. To bound T122 we switch to position space:
|〈ξ, T122ξ 〉|
≤ C N 2α−3/2
∫
Λ2
χℓ(x − y)η̌(x − y)‖ǎx ǎyξ‖‖ǎxξ‖
≤ C N 2α−3/2
[∫
Λ2





≤ C Nα−3/2‖N 1/2+ ξ‖
[∫
Λ2
χℓ(x − y)‖ǎx ǎyξ‖2dxdy
]1/2
.
To bound the term in the parenthesis, we proceed similarly as in (80). We find
∫
Λ2
χℓ(x − y)‖ǎx ǎyξ‖2dxdy ≤ Cq‖χℓ‖q ′‖K1/2N 1/2+ ξ‖2 ≤ Cq N 1−2α/q
′‖K1/2ξ‖2
for any q > 2 and 1 < q ′ < 2 with 1/q + 1/q ′ = 1. Choosing q = log N , we obtain
|〈ξ, T122ξ 〉| ≤ C N−1(log N )1/2‖N 1/2+ ξ‖‖K1/2ξ‖
With (90), this implies (91).
























−r av − a∗va−r br+v
]
.














Υ j + h.c.
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ω̂N (r + v) + ω̂N (r)
)





























































































ω̂N (r + v)ηr b∗q−r−va∗va−r bq .
(93)
To conclude the proof of Proposition 9, we show that all operators in (93) satisfy (92).
To study all these terms it is convenient to switch to position space. We recall that ω̂N (p) =
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gN χ̂ (ℓp) with |gN | ≤ C and ℓ = N−α . Using (87) we find:
∣∣〈ξ, Υ1ξ 〉
∣∣ ≤ C N 2α−1
∫
Λ2




≤ C N 2α−1‖η‖
∫
Λ2
dxdy χℓ(x − y)‖b̌x ǎy(N+ + 1)1/2ξ‖‖ǎxξ‖
≤ C N−α(log N )1/2‖(N+ + 1)1/2ξ‖‖K1/2ξ‖ .
The expectation of Υ2 is bounded following the same strategy used to show (87). For any
2 ≤ q < ∞ we have
∣∣〈ξ, Υ2ξ 〉
∣∣
≤ C N 2α−1
∫
Λ3
dxdydzχℓ(z − y)|η̌(z − x)|‖ǎx ǎyξ‖‖ǎz ǎxξ‖
≤ C N 2α−1
∫
Λ2

















≤ C N−α(log N )1/2‖(N+ + 1)1/2ξ‖‖K1/2ξ‖ ,
where in the last line we chose q = log N . The term Υ3 is of lower order; using that∣∣∑
r ω̂N (r)ηr
∣∣ ≤ ‖χ̂ (./Nα)‖2‖η‖2 ≤ C and Cauchy–Schwarz, we easily obtain
∣∣〈ξ, Υ3ξ 〉
∣∣ ≤ C N−1‖(N+ + 1)1/2ξ‖2 .
The term Υ4 can be estimated as Υ1 using (87):
∣∣〈ξ, Υ4ξ 〉
∣∣ ≤ C N 2α−1
∫
Λ2
dxdy χℓ(x − y)‖ǎx ǎyξ‖‖ǎ(η̌y)ǎyξ‖
≤ C N 2α−1‖η‖
∫
Λ2
dxdy χℓ(x − y)‖ǎx ǎyξ‖‖ǎy(N+ + 1)1/2ξ‖
≤ C N−α(log N )1/2‖(N+ + 1)1/2ξ‖‖K1/2ξ‖ .
The term Υ5 is bounded similarly to Υ2; with q = log N we have
∣∣〈ξ, Υ5ξ 〉
∣∣ ≤ C N 2α−2‖η‖
∫
Λ3
dxdydz χℓ(y − z)‖ǎx ǎy ǎzξ‖‖N 1/2+ ǎx ǎyξ‖







dz χ(|y − z| ≤ N−α)
)1−1/q (∫
Λ
dz ‖ǎx ǎy ǎzξ‖q
)1/q
≤ C N−α(log N )1/2‖(N+ + 1)1/2ξ‖‖K1/2ξ‖ .
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The terms Υ6 and Υ7 are of smaller order and can be bounded with Cauchy–Schwarz; we
have
∣∣〈ξ, Υ6ξ〉
∣∣ ≤ C N 2α−2
∫
Λ2







dxdy χ(|x − y| ≤ N−α)‖ǎyξ‖2
)1/2
≤ C N−1‖(N+ + 1)1/2ξ‖2,
and
∣∣〈ξ, Υ7ξ 〉
∣∣ ≤ C N 2α−2
∫
Λ3
dxdydz χℓ(y − z)|η̌(z − x)|‖ǎx ǎyξ‖2
≤ C N 2α−2
(∫
Λ3





dxdydz |η̌(z − x)|2‖ǎx ǎyξ‖2
)1/2
≤ C N−1‖(N+ + 1)1/2ξ‖2 .
The terms Υ8, Υ11, Υ12 are again bounded, as Υ1, using (87). We find
∣∣〈ξ,
(
Υ8 + Υ11 + Υ12
)
ξ 〉
∣∣ ≤ C N 2α−1‖η‖
∫
Λ2
dxdy χℓ(x − y)‖N 1/2+ ǎx ǎyξ‖‖ǎxξ‖
≤ C N−α(log N )1/2‖(N+ + 1)1/2ξ‖‖K1/2ξ‖ .
It remains to bound Υ9 and Υ10. The term Υ9 is bounded analogously to Υ2:
∣∣〈ξ, Υ9ξ 〉
∣∣
≤ C N 2α−1
∫
Λ3
dxdydz χℓ(x − z)|η̌(x − y)|‖ǎx ǎy ǎzξ‖‖ǎyξ‖
≤ C N 2α−1
∫
Λ2
dxdy |η̌(x − y)|‖ǎyξ‖
(∫
Λ





dz ‖ǎx ǎy ǎzξ‖q
)1/q
≤ Cq1/2 N 2α/q−1
[∫
Λ2











≤ C N−α(log N )1/2‖(N+ + 1)1/2ξ‖‖K1/2ξ‖ .
As for Υ10, we find
∣∣〈ξ, Υ10ξ 〉
∣∣ ≤ C N 2α−1
∫
Λ3
dxdydz χℓ(y − z)|η̌(x − z)|‖ǎx ǎyξ‖2
Proceeding as in (80), we obtain
∣∣〈ξ, Υ10ξ 〉
∣∣ ≤ Cq N 2α‖χℓ ∗ |η̌|‖q ′‖K1/2ξ‖2 ≤ Cq‖η̌‖q ′‖K1/2ξ‖2
for any q > 2, and q ′ < 2 with 1/q + 1/q ′ = 1. Since, for an arbitrary q ′ < 2, ‖η̌‖q ′ ≤
‖η̌‖2 = ‖η‖2 ≤ N−α , we obtain
∣∣〈ξ, Υ10ξ 〉
∣∣ ≤ C N−α‖K1/2ξ‖2
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≤ C N−α(log N )1/2 ‖(K + 1)1/2ξ‖2 + C N−1‖(N+ + 1)1/2ξ‖2 .
⊓⊔
6.4 Analysis of e−AZNe
A
In this subsection, we consider contributions to RN ,α arising from conjugation of ZN , as
defined in (77).














±δZN ≤ C N 1−α(HN + 1)













































−r av − a∗va−r br+v
]









































Π j + h.c.
123







































































≤ C N−α(log N )1/2‖K1/2ξ‖‖(N+ + 1)1/2ξ‖ .
The term Π3 can be bounded similarly to Π1, with (52). We find
∣∣〈ξ,Π3ξ 〉
∣∣ ≤ C N−α(log N )1/2‖(N+ + 1)1/2ξ‖‖K1/2ξ‖ .
With |ω̂N (r)| ≤ C , we similarly obtain
|〈ξ,Π2ξ 〉| ≤ N−1/2‖η‖‖K1/2N 1/2+ ξ‖‖(N+ + 1)1/2ξ‖
≤ C N−α‖K1/2ξ‖‖(N+ + 1)1/2ξ‖ .














≤ C N−3/2‖η‖(log N )1/2‖K1/2(N+ + 1)ξ‖‖(N+ + 1)ξ‖
≤ C N−α(log N )1/2‖K1/2ξ‖‖(N+ + 1)1/2ξ‖ .






















≤ C N−α(log N )1/2
∫ 1
0
ds ‖K1/2es Aξ‖‖(N+ + 1)1/2es Aξ‖ .
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≤ C N−α(log N )1/2
[




≤ C N 1−α‖(HN + 1)1/2ξ‖2 .
⊓⊔
6.5 Contributions from e−ACNe
A
In Sect. 6.6 we will analyse the contributions to RN ,α arising from conjugation of the cubic
operator CN defined in (77). To this aim we will need some properties of the commutator
[CN , A], as established in the following proposition.

















|〈ξ, δCN ξ 〉| ≤ C N 3/2−α‖H
1/2
N ξ‖‖(N+ + 1)
1/2ξ‖ (96)
for all α > 0, ξ ∈ F≤N+ , and N ∈ N large enough.
















−r av − a∗va−r br+v
]
+ h.c. .
As in the proof of Proposition 9, we use the commutators from the proof of Proposition 8.8
















(Ξ j + h.c.)
123












































































































V̂ ((r + v)/eN )ηr b∗q−r−va∗va−r bq .
To prove the proposition, we have to show that all terms Ξ j , j = 1, . . . , 12, satisfy the bound









dxdydz e2N V (eN (x − y))‖ǎx ǎy ǎzξ‖2
]1/2
123




dxdydz e2N V (eN (x − y))|η̌(x − z)|2‖ǎxξ‖2
]1/2
≤ C‖η‖‖(N+ + 1)1/2ξ‖‖V1/2N N
1/2
+ ξ‖
≤ C N 1/2−α‖(N+ + 1)1/2ξ‖‖V1/2N ξ‖.
We can proceed similarly to control Ξ9. We obtain
∣∣〈ξ,Ξ9ξ 〉
∣∣ ≤ C N 1/2−α‖(N+ + 1)1/2ξ‖‖V1/2N ξ‖.

















dxdydz e2N V (eN (x − y))‖ǎx ǎzξ‖2
]1/2
≤ C‖η‖‖(N+ + 1)ξ‖‖V1/2N ξ‖
≤ C N 1/2−α‖(N+ + 1)1/2ξ‖‖V1/2N ξ‖.





















dxdydz e2N V (eN (y − z))‖N 1/2+ ǎx ǎyξ‖2
]1/2
≤ C N 1/2−α‖V1/2N ξ‖‖N
1/2
+ ξ‖ .
The terms Ξ5 and Ξ6 can be bounded in momentum space, using (154). Hence,





V̂ ((v + r)/eN )
|v| |ηr ||v|‖avaq−r−vξ‖‖a−r aqξ‖
+ V̂ (r/e
N )
|r + v| |ηr ||r + v|‖ar+qavξ‖‖aqar+vξ‖
)
≤ C N 1/2−α‖(N+ + 1)1/2ξ‖‖K1/2ξ‖.
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Similarly we have








|r + v| |ηr ||r + v|‖aqar+vξ‖‖ar+qavξ‖
)
≤ C N 3/2−α‖(N+ + 1)1/2ξ‖‖K1/2ξ‖.












dxdy e2N V (eN (x − y))b̌∗x ǎ∗y ǎ(η̌x )b̌x .
Thus, we obtain
|〈ξ,Ξ7ξ 〉| ≤ C‖η‖
∫
Λ2
dxdy e2N V (eN (x − y)) ‖N 1/2+ ǎx ǎyξ‖‖ǎxξ‖






















dxdydz e2N V (eN (x − y))|η(x − z)|2‖ǎzξ‖2
]1/2




|〈ξ,Ξ11ξ 〉| ≤ C‖η‖
∫
Λ2
dxdy e2N V (eN (x − y)) ‖ǎx ǎyξ‖‖N 1/2+ ǎxξ‖




Collecting all the bounds above, we arrive at (96). ⊓⊔
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6.6 Proof of Proposition 4
With the results of Sects. 6.1–6.5, we can now show Proposition 4. We assume α > 2. From
Eq. (76), Propositions 8 and 10 we obtain that
RN ,α = e−AGeffN ,αeA
= 1
2
ω̂N (0)(N − 1)(1 − N+/N ) +
[





















K + CN + VN , A
]
es A + E(1)R
with
±E(1)R ≤ C N 1−α(HN + 1).
From Propositions 7, 9 and 11, we can write, for N large enough,




























V̂ (r/eN )ηr + V̂ ((r + v)/eN )ηr
]




|〈ξ, E(2)R ξ 〉| ≤C N 1/2−α(log N )1/2‖H
1/2
N ξ‖
2 + C N 3/2−α‖H1/2N ξ‖‖(N+ + 1)
1/2ξ‖
+ C N−1(log N )1/2‖H1/2N ξ‖‖(N+ + 1)
1/2ξ‖ .


































es A + E(3)R
(97)
with
±E(3)R ≤ C[N 2−α + N−1/2(log N )1/2](HN + 1)
for N ∈ N sufficiently large.
123




































:= Q1 + Q2 .
(98)




V̂ (r/eN )ηr −
[









s A − 2
[













On the other hand it is easy to check that e−s AQ2e





V̂ (r/eN )ηr − V̂ ((r + v)/eN )ηr
]∣∣∣∣ ≤ C N |v|e
−N .






≤ C Ne−N e−s AN 1/2+ K1/2es A ≤ C N 2e−N (HN + 1) . (101)
To handle the second term on the second line of (97), we apply Proposition 9 and then
















































N−α(log N ) K + N−1(N+ + 1)
)
et A
≤ C N 1−α log N (HN + 1) .
(102)
As for the first term on the second line of (97), we use again Proposition 11. Using (98),
(100) and (101) we have
∫ 1
0
ds e−s ACN e






dt e−t A[CN , A]et A
=
[
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with ±E(4)R ≤ C N 2−α(HN + 1) + C N−1(N+ + 1).




(N − 1) ω̂N (0)(1 − N+/N ) +
1
2




























−r av + h.c.
]
+ HN + ER
with
±ER ≤ C[N 2−α + N−1/2(log N )1/2](HN + 1)
for N ∈ N sufficiently large.
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Appendix A: Analysis ofGN,α
The aim of this section is to show Proposition 1. From (12) and (37), we can decompose
GN ,α = e−BLN eB = G(0)N ,α + G
(2)
N ,α + G
(3)






N ,α = e
−BL( j)N e
B .
To analyse GN ,α we will need precise informations on the action of the generalized Bogoli-
ubov transformation eB with B the antisymmetric operator defined in (33), which are
summarized in Sect. 1. Then, in the Sects. 1–1 we prove separate bounds for the opera-
tors G
( j)
N ,α , j = 0, 2, 3, 4, which we combine in Sect. 1 to prove Proposition 1.
The analysis in this section follows closely that of [4, Sect. 7] with some slight modifica-
tions due to the different scaling of the interaction potential and the fact that the kernel ηp of
eB is different from zero for all p ∈ Λ∗+ (in [4] ηp is different from zero only for momenta
larger than a sufficiently large cutoff of order one). Moreover, while in three dimensions it
was sufficient to choose the function ηp appearing in the generalized Bogoliubov transfor-
mation with ‖η‖ sufficiently small but of order one, we need here ‖η‖ to be of order N−α for
some α > 0 large enough. As discussed in the introduction this is achieved by considering
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the Neumann problem for the scattering equation in (16) on a ball of radius ℓ = N−α; as a
consequence some terms depending on ℓ will be large, compared to the analogous terms in
[4].
Appendix A.1: Generalized Bogoliubov Transformations
In this subsection we collect important properties about the action of unitary operators of





















where the series converge absolutely. To confirm the expectation that generalized Bogoliubov
transformation act similarly to standard Bogoliubov transformations, on states with few






























where q ∈ Λ∗+, (♯m, αm) = (·,+1) if m is even and (♯m, αm) = (∗,−1) if m is odd. It
follows then from (104) that
e−Bbqe
B = γqbq + σqb∗−q + dq , e−Bb∗qeB = γqb∗q + σqb−q + d∗q (106)
where we introduced the notation γq = cosh(ηq) and σq = sinh(ηq). It will also be useful to
introduce remainder operators in position space. For x ∈ Λ, we define the operator valued




B = b(γ̌x ) + b∗(σ̌x ) + ďx , e−B b̌∗x eB = b∗(γ̌x ) + b(σ̌x ) + ď∗x (107)
where γ̌x (y) =
∑
q∈Λ∗ cosh(ηq)e




lemma is taken from [4, Lemma 3.4].
Lemma 4 Let η ∈ ℓ2(Λ∗+), n ∈ Z. For p ∈ Λ∗+, let dp be defined as in (106). If ‖η‖ is small
enough, there exists C > 0 such that




|ηp|‖(N+ + 1)(n+3)/2ξ‖ + ‖η‖‖bp(N+ + 1)(n+2)/2ξ‖
]
,
‖(N+ + 1)n/2d∗pξ‖ ≤
C
N
‖η‖ ‖(N+ + 1)(n+3)/2ξ‖
(108)
for all p ∈ Λ∗+, ξ ∈ F
≤N
+ . In position space, with ďx defined as in (107), we find
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Furthermore, letting ďx = ďx + (N+/N )b∗(η̌x ), we find




‖η‖2‖(N+ + 1)(n+2)/2ξ‖ + ‖η‖|η̌(x − y)|‖(N + 1)(n+2)/2ξ‖
+ ‖η‖‖ǎx (N+ + 1)(n+1)/2ξ‖ + ‖η‖2‖ǎy(N+ + 1)(n+3)/2ξ‖








‖η‖2‖(N+ + 1)(n+6)/2ξ‖ + ‖η‖|η̌(x − y)|‖(N+ + 1)(n+4)/2ξ‖
+ ‖η‖2‖ax (N+ + 1)(n+5)/2ξ‖ + ‖η‖2‖ay(N+ + 1)(n+5)/2ξ‖
+ ‖η‖2 ‖ax ay(N+ + 1)(n+4)/2ξ‖
]
(111)
for all ξ ∈ F≤n+ .
A first simple application of Lemma 4 is the following bound on the growth of the expec-
tation of N+.
Lemma 5 Assume B is defined as in (33), with η ∈ ℓ2(Λ∗) and ηp = η−p for all p ∈ Λ∗+.







∣∣∣ ≤ ‖η‖‖(N+ + 1)1/2ξ‖2
for all ξ ∈ F≤N+ .




























p = cosh(sηp), σ (s)p = sinh(sηp). Using |γ (s)p | ≤ C and |σ (s)p | ≤ C |ηp|, (108) in













|ηp|‖(N+ + 1)1/2ξ‖ + ‖bpξ‖
]
≤ C‖η‖‖(N+ + 1)1/2ξ‖2
⊓⊔
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V̂ (0)(N + N+ − 1)(N − N+) + E(0)N ,α .






V̂ (0)(N − 1 + N+)(N − N+) .
Proposition 12 Under the assumptions of Proposition 1, there exists a constant C > 0 such
that
±E(0)N ,α ≤ C N
1−α(N+ + 1)
for all α > 0 and N ∈ N large enough.





N (N − 1)
2





























To bound the first term we use (106), |γ 2q − 1| ≤ Cη2q , |σq | ≤ C |ηq |, the first bound in (108),
Cauchy–Schwarz and the estimate ‖η‖ ≤ C N−α . To bound the second term, we use Lemma
5. We conclude that
|〈ξ, E(0)N ξ 〉| ≤ C N
1−α‖(N+ + 1)1/2ξ‖2 .
⊓⊔









We consider first conjugation of the kinetic energy operator.
Proposition 13 Under the assumptions of Proposition 1, there exists C > 0 such that








( N − N+
N
)( N − N+ − 1
N
)
+ E(K )N ,α
(112)
where
|〈ξ, E(K )N ,αξ 〉| ≤ C N
1/2−α‖H1/2N ξ‖‖(N+ + 1)
1/2ξ‖ + C N 1−α‖(N+ + 1)1/2ξ‖2 (113)
for any α > 1, ξ ∈ F≤N+ and N ∈ N large enough.
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γ (s)p bp + σ (s)p b∗−p
)(






































p = cosh(sηp), σ (s)p = sinh(sηp) and where d(s)p is defined as in (105), with ηp

































































| ≤ Cη2p , (σ
(s)
p )
2 ≤ Cη2p , p2|ηp| ≤ C , ‖η‖∞ ≤ N−α , we can estimate












≤ C‖η‖‖(N+ + 1)1/2ξ‖2 ≤ C N−α‖(N+ + 1)1/2ξ‖2,
for any ξ ∈ F≤N+ . To bound the term G3 in (114), we switch to position space:








e2N V (eN (x − y)) + N 2α−1χ(|x − y| ≤ N−α)
]
× ‖(N+ + 1)−1/2ď(s)x ď(s)y ξ‖‖(N+ + 1)1/2ξ‖
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With (111), we obtain
|〈ξ, G3ξ 〉|


















‖ǎx (N+ + 1)ξ‖ + ‖ǎy(N+ + 1)ξ‖ + ‖ǎx ǎy(N+ + 1)1/2ξ‖
]
≤ C N 1−α‖(N+ + 1)1/2ξ‖2 + C N 1/2−α‖(N+ + 1)1/2ξ‖‖V1/2N ξ‖ .
(116)




































































E K2 + h.c.
]











































−p + sηp(N+/N )b∗p . With (29), we find
|〈ξ, E K21ξ 〉| ≤ C
∑
p∈Λ∗+
ηp‖apξ‖2 ≤ C N−α‖N 1/2+ ξ‖2 (119)
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Using |γ (s)p − 1| ≤ Cη2p and (108), we obtain





−pξ‖ ≤ C N−3α‖(N+ + 1)1/2ξ‖2. (120)
To control the third term in (118), we use (30) and we switch to position space. We find















dxdy χℓ(x − y) fN ,ℓ(x − y)b̌x ď
(s)
y
=;E K231 + E K232 .
(121)
With (110) and |η̌(x − y)| ≤ C N , we obtain






dxdy e2N V (eN (x − y))
× ‖(N+ + 1)1/2ξ‖‖(N+ + 1)−1/2ǎx ď
(s)
y ξ‖
≤ C N 1−α‖(N+ + 1)1/2ξ‖2 + C N 1/2−α‖(N+ + 1)1/2ξ‖‖V1/2N ξ‖.
(122)
As for E K232, with (110) and Lemma 1 (recalling ℓ = N−α), we find




dxdy χ(|x − y| ≤ N−α)‖(N+ + 1)1/2ξ‖‖ǎx ǎyN 1/2+ ξ‖
(123)
To bound the last term on the r.h.s. of (123) we use Hölder’s and Sobolev inequality ‖u‖q ≤
Cq1/2‖u‖H1 , valid for any 2 ≤ q < ∞. We find∫
Λ2
dxdy χ(|x − y| ≤ N−α)‖(N+ + 1)1/2ξ‖‖ǎx ǎyN 1/2+ ξ‖






dy χ(|x − y| ≤ N−α)
)1−1/q (∫
Λ
dy ‖ǎx ǎyN 1/2+ ξ‖q
)1/q






dy ‖ǎx ǎyN 1/2+ ξ‖q
)1/q




dxdy ‖ǎx∇y ǎyN 1/2+ ξ‖2 +
∫
Λ2
dxdy ‖ǎx ǎyN 1/2+ ξ‖2
]1/2
≤ Cq1/2 N 2α/q−2α‖(N+ + 1)1/2ξ‖
[
‖K1/2N+ξ‖ + ‖N 3/2+ ξ‖
]
.
Choosing q = log N , we get
∫
Λ2
dxdy χ(|x − y| ≤ N−α)‖(N+ + 1)1/2ξ‖‖ǎx ǎy(N+ + 1)1/2ξ‖
≤ C N 1−2α(log N )1/2‖(N+ + 1)1/2ξ‖‖K1/2ξ‖.
(124)
Therefore, for any ξ ∈ F≤N+ ,
|〈ξ, E K232ξ 〉| ≤ N 1−2α(log N )1/2‖K1/2ξ‖‖(N+ + 1)1/2ξ‖ + N−α‖(N+ + 1)1/2ξ‖2 .
123
39 Page 46 of 72 C. Caraci et al.
Combining the last bound with (119), (120) and (122), we conclude that
|〈ξ, E K2 ξ 〉| ≤ C N 1−α‖(N+ + 1)1/2ξ‖2 + C N 1/2−α‖H
1/2
N ξ‖‖(N+ + 1)
1/2ξ‖ . (125)
for any α > 1, N ∈ N large enough, ξ ∈ F≤N+ .
The term G22 in (117) can be bounded using (108). We find
|〈ξ, G22ξ 〉| ≤ C N−2α‖(N+ + 1)1/2ξ‖2 . (126)









γ (s)p − 1
)











With (108), we find






p2|ηp|3‖(d(s)p )∗ξ‖‖b−pξ‖ds ≤ C N−3α‖(N+ + 1)1/2ξ‖2
To estimate E K32, we use (30) and we switch to position space. Proceeding as we did in (121),
(122), (123), we obtain








e2N V (eN (x − y)) + N 2α−1χ(|x − y| ≤ N−α)
]
× ‖(N+ + 1)1/2ξ‖‖(N+ + 1)−1/2ď(s)x b̌yξ‖ .
With (109) and (124) we find





e2N V (eN (x − y)) + N 2α−1χ(|x − y| ≤ N−α)
]
× ‖(N+ + 1)1/2ξ‖
[
‖ǎy(N+ + 1)ξ‖ + ‖ǎx ǎy(N+ + 1)1/2ξ‖
]
≤ C N 1−α‖(N+ + 1)1/2ξ‖2 + C N 1/2−α‖(N+ + 1)1/2ξ‖‖V1/2N ξ‖
+ C N 1−2α(log N )1/2‖(N+ + 1)1/2ξ‖‖K1/2ξ‖ .
Combining the bounds for E K31 and E
K
32 , we conclude that, if α > 1,
|〈ξ, G23ξ 〉| ≤ C N 1/2−α‖(N+ + 1)1/2ξ‖‖H1/2N ξ‖ + C N
1−α‖(N+ + 1)1/2ξ‖2 (127)









p2η2p‖(N+ + 1)1/2ξ‖‖(N+ + 1)−1/2d(s)p b∗pξ‖





|ηp|‖(N+ + 1)1/2ξ‖ + N−1‖η‖‖bpb∗p(N+ + 1)1/2ξ‖
]
≤ C N−α‖(N+ + 1)1/2ξ‖2 .
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|〈ξ, E K4 ξ 〉| ≤ C N 1/2−α‖H
1/2
N ξ‖‖(N+ + 1)
1/2ξ‖ + C N 1−α‖(N+ + 1)1/2ξ‖2 . (128)
Combining (115), (116) and (128), we obtain (112) and (113). ⊓⊔





























( N − N+
N






















|〈ξ, E(V )N ξ 〉| ≤ C N
1/2−α‖H1/2N ξ‖‖(N+ + 1)
1/2ξ‖ + C N 1−α‖(N+ + 1)1/2ξ‖2 . (130)





















=: F1 + F2 + F3 .
(131)


















p + σpb−p)dp + d∗p(γpbp + σpb∗−p) + d∗pdp
]
where γp = cosh ηp , σp = sinh ηp and the operators dp are defined in (105). Using |1−γp| ≤




V̂ (p/eN )b∗pbp + EV1 (132)
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with ±EV1 ≤ C N 1−α(N+ + 1).












e−s B(ηpb−pbp + h.c.)es Bds.
With Lemma 2, we easily find ±EV2 ≤ C N−α(N+ + 1).


























V̂ (p/eN )dpd−p + h.c.
=: F31 + F32 + F33 .
(134)

























(γpbp + σpb∗−p) d−p + dp (γpb−p + σpb∗p)
]
+ h.c.
=: F321 + F322 + F323 + F324 .
(136)


































and with the notation d−p = d−p + N−1ηp N+b∗p . Since |γp − 1| ≤ Cη2p , ‖η‖∞ ≤ C N−α ,
we find easily with (108) that
|〈ξ, EV41ξ 〉| ≤ C N 1−3α‖(N+ + 1)1/2ξ‖2 .
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Moreover
|〈ξ, EV43ξ 〉| ≤ C N
∑
p∈Λ∗+
ηp‖apξ‖2 ≤ C N 1−α‖N 1/2+ ξ‖2 .
As for EV42, we switch to position space and we use (110). We obtain
|〈ξ, EV42ξ 〉| ≤ C N
∫
Λ2
dxdy e2N V (eN (x − y))‖(N+ + 1)1/2ξ‖‖(N+ + 1)−1/2ǎx ď yξ‖
≤ C N 1−α
∫
Λ2
dxdy e2N V (eN (x − y))‖(N+ + 1)1/2ξ‖
×
[
‖(N+ + 1)1/2ξ‖ + ‖ǎxξ‖ + ‖ǎyξ‖ + N−1/2‖ǎx ǎyξ‖
]
≤ C N 1−α‖(N+ + 1)1/2ξ‖2 + C N 1/2−α‖(N+ + 1)1/2ξ‖‖V1/2N ξ‖ .
We conclude that
|〈ξ, EV4 ξ 〉| ≤ C N 1/2−α‖(N+ + 1)1/2ξ‖‖V
1/2
N ξ‖ + C N
1−α‖(N+ + 1)1/2ξ‖2.
To bound the term F322 in (136), we use (108) and |σp| ≤ C |ηp|; we obtain





|ηp|‖(N+ + 1)1/2ξ‖ + ‖η‖‖b−pξ‖
]
≤ C N 1−2α‖(N+ + 1)1/2ξ‖2 .












V̂ (p/eN ) dpb−p .
With |γp − 1| ≤ Cη2p and (108) we obtain
|〈ξ, EV51ξ 〉| ≤ C N
∑
p∈Λ∗+
η2p ‖d∗pξ‖‖apξ‖ ≤ C N 1−3α‖(N+ + 1)1/2ξ‖2 .





dxdy e2N V (eN (x − y))‖(N+ + 1)1/2ξ‖‖(N+ + 1)−1/2ďx ǎyξ‖
≤ C N 1−α‖(N+ + 1)1/2ξ‖
∫
Λ2
dxdy e2N V (eN (x − y))
[
‖ǎyξ‖ + N−1/2‖ǎx ǎyξ‖
]
≤ C N 1−α‖(N+ + 1)1/2ξ‖2 + C N 1/2−α‖(N+ + 1)1/2ξ‖‖V1/2N ξ‖ .
Hence,
|〈ξ, F323ξ 〉| ≤ C N 1−α‖(N+ + 1)1/2ξ‖2 + C N 1/2−α‖(N+ + 1)1/2ξ‖‖V1/2N ξ‖
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To estimate the term F324 in (136) we use (108) and the bound
∑
p∈Λ∗+










































|ηp|‖(N+ + 1)1/2ξ‖ + N−1‖η‖‖(N+ + 1)1/2ξ‖ + ‖η‖‖apξ‖
]
≤ C N 1−α‖(N+ + 1)1/2ξ‖2 .













|〈ξ, EV6 ξ 〉| ≤ C N 1−α‖(N+ + 1)1/2ξ‖2 + C N 1/2−α‖(N+ + 1)1/2ξ‖‖V
1/2
N ξ‖ . (137)
To control the last contribution F33 in (134), we switch to position space. With (111) and
(25) we obtain
|〈ξ, F33ξ 〉| ≤ C N‖(N+ + 1)1/2ξ‖
∫
Λ2
dxdy e2N V (eN (x − y))‖(N+ + 1)−1/2ďx ďyξ‖
≤ C N 1−α‖(N+ + 1)1/2ξ‖2 + C N 1/2−2α‖(N+ + 1)1/2ξ‖‖V1/2N ξ‖ .




















|〈ξ, EV7 ξ 〉| ≤ C N 1−α‖(N+ + 1)1/2ξ‖2 + C N 1/2−α‖(N+ + 1)1/2ξ‖‖V
1/2
N ξ‖ .
Together with (132) and with (133), and recalling that b∗pbp − N−1a∗pap = a∗pap(1 −
N+/N ), we obtain (129) with (130). ⊓⊔
123
Bose–Einstein Condensation for 2D Bosons in the Gross–Pitaevskii Regime Page 51 of 72 39









We consider here the conjugation of the cubic term L
(3)
N , defined in (13).



















|〈ξ, E(3)N ξ 〉| ≤ C N
1/2−α‖(N+ + 1)1/2ξ‖‖V1/2N ξ‖ + C N
1−α‖(N+ + 1)1/2ξ‖2 (138)
for any α > 1 and N ∈ N large enough.
Proof This proof is similar to the proof of [4, Prop. 7.5]. Expanding e−Ba∗−paqe















































where, as usual, γp = cosh η(p), σp = sinh η(p) and dp is as in (105). We consider E(3)1 . To










(γp+q − 1)b∗p+q + σp+qb−p−q + d∗p+q
)
a∗−paq





Since |γp+q − 1| ≤ |ηp+q |2 and ‖η‖ ≤ C N−α , we find
|〈ξ, E(3)11 ξ 〉| ≤ C N‖η‖2‖(N+ + 1)1/2ξ‖2 ≤ C N 1−2α‖(N+ + 1)1/2ξ‖2 . (140)
As for E
(3)
12 , we commute a
∗
−p through b−p−q (recall q = 0). With |σp+q | ≤ C |ηp+q |, we
obtain
|〈ξ, E(3)12 ξ 〉| ≤ C N 1−α‖(N+ + 1)1/2ξ‖2 . (141)
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ηp+q b−p−q . The term E
(3)
132 is estimated similarly
to E
(3)
12 , moving a
∗
−p to the left of b−p−q ; we find ±E
(3)
132 ≤ C N 1−α(N+ + 1). We bound E
(3)
131





dxdy e2N V (eN (x − y))‖ǎxξ‖‖ǎy ˇ̄dxξ‖
≤ C N 1/2−α
∫
Λ2
dxdy e2N V (eN (x − y))‖ǎxξ‖
×
[
‖(N+ + 1)ξ‖ + N−1‖ǎx (N+ + 1)1/2ξ‖ + ‖η‖‖ǎy(N+ + 1)1/2ξ‖ + ‖ǎx ǎyξ‖
]
≤ C N 1−α‖(N+ + 1)1/2ξ‖2 + C N 1/2−α‖(N+ + 1)1/2ξ‖‖V1/2N ξ‖ .
With (140) and (141) we obtain
|〈ξ, E(3)1 ξ 〉| ≤ C N 1/2−α‖V
1/2
N ξ‖‖(N+ + 1)
1/2ξ‖ + C N 1−α‖(N+ + 1)1/2ξ‖2 . (142)
Next, we focus on E
(3)






























ds γ (s)p σ
(s)




















γ (s)p bp + σ (s)p b∗−p
)
d(s)q + d(s)p d(s)q
]








p = cosh(sηp), σ (s)p = sinh(sηp) and d(s)p defined as in (105), with η replaced by
sη. With Lemma 2, we get
|〈ξ, E(3)21 ξ 〉| ≤ C N 1−α‖(N+ + 1)1/2ξ‖2 . (144)
Since [bp, b∗−q ] = −a∗−qap/N for p = −q , we find
|〈ξ, E(3)22 ξ 〉| ≤ C N−2α‖(N+ + 1)1/2ξ‖2 . (145)




















b(γ̌ (s)y ) + b∗(σ̌ (s)y )
)
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Using the bounds (109), (110), (111) and Lemma 2 we arrive at


















b̌y + b(ř (s)y ) + b∗(σ̌ (s)y )
)







dxdydz e2N V (eN (x − z))|η̌(y − z)|‖b̌x eBξ‖
[
N−1|η̌(x − y)|‖(N+ + 1)ξ‖
+ ‖η‖‖b̌x b̌yξ‖ + ‖η‖‖(N+ + 1)ξ‖ + ‖η‖‖b̌x (N+ + 1)1/2ξ‖ + ‖η‖‖b̌y(N+ + 1)1/2ξ‖
]
≤ C N 1−α‖N 1/2+ eBξ‖‖(N+ + 1)ξ‖
≤ C N 1−α‖(N+ + 1)1/2ξ‖2
where ř indicates the function in L2(Λ) with Fourier coefficients rp = 1 − γp , and the fact
that ‖η̌‖, ‖ř‖, ‖σ̌‖ ≤ C N−α . Combined with (144) and (145), the last bound implies that
±E(3)2 ≤C N 1−α(N+ + 1) . (146)
To bound the last contribution on the r.h.s. of (139), it is convenient to bound (in absolute

































γ (s)p γp+q b−pbp+q + σ (s)p σp+q b∗pb∗−p−q + γ (s)p σp+q b∗−p−q b−p + γp+qσ (s)p b∗pbp+q
+ d(s)−p
(
















ds e−s Bb−q e
s Bγ (s)p σp+q [b−p, b∗−p−q ]
=: E (3)31 + E
(3)
32 .








|ηq ||ηp+q | ‖a−p−q e−s Bb∗−qes Bξ‖‖a−pξ‖
≤ C‖η‖2‖(N+ + 1)1/2ξ‖2 ≤ C N−2α‖(N+ + 1)1/2ξ‖2 .
(147)
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To bound the expectation of E
(3)
31 , we switch to position space. We find







dxdy e2N V (eN (x − y))‖b∗(η̌x )es Bξ‖
[
‖b̌x b̌yξ‖
+ ‖η‖‖b̌x (N+ + 1)1/2ξ‖ + ‖η‖‖b̌y(N+ + 1)1/2ξ‖ + N−1|η̌(x − y)|‖(N+ + 1)ξ‖
]
.
With Lemma 2, we conclude that
|〈ξ, E(3)31 ξ 〉| ≤ C N 1/2−α‖V
1/2
N ξ‖‖(N+ + 1)
1/2ξ‖ + C N 1−α‖(N+ + 1)1/2ξ‖2 . (148)
From (147) and (148) we obtain
|〈ξ, E(3)3 ξ 〉| ≤ C N 1/2−α‖V
1/2
N ξ‖‖(N+ + 1)
1/2ξ‖ + C N 1−α‖(N+ + 1)1/2ξ‖2 .
Together with (139), (142) and (146), we arrive at (138). ⊓⊔









Finally, we consider the conjugation of the quartic term L
(4)






N ,α = e
−BL(4)N e
























Proposition 16 Under the assumptions of Proposition 1 there exists a constant C > 0 such
that
|〈ξ, E(4)N ξ 〉| ≤ C N
1/2−α‖V1/2N ξ‖‖(N+ + 1)
1/2ξ‖ + C N 1−α‖(N+ + 1)1/2ξ‖2 (149)
for any α > 1, ξ ∈ F≤N+ and N ∈ N large enough.
To show Proposition 16, we use the following lemma, whose proof can be obtained as in
[4, Lemma 7.7].
Lemma 6 Let η ∈ ℓ2(Λ∗) as defined in (27). Then there exists a constant C > 0 such that
‖(N+ + 1)n/2e−B b̌x b̌yeBξ‖
≤ C
[
N‖(N+ + 1)n/2ξ‖ + ‖ǎy(N+ + 1)(n+1)/2ξ‖
+ ‖ǎx (N+ + 1)(n+1)/2ξ‖ + ‖ǎx ǎy(N+ + 1)n/2ξ‖
]
for all ξ ∈ F≤N+ , n ∈ Z.
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Proof of Proposition 16 We follow the proof of [4, Prop. 7.6]. We write
G
(4)































































s Be−τ Bbpbq+r e

























































































































d(s)q b−q + h.c.
)
123

























|V̂ (r/eN )||ηq+r | ≤ C < ∞ (154)
uniformly in N ∈ N, we can estimate the first term in (153) by
|〈ξ, E(4)101ξ 〉| ≤ C N 1−α‖(N+ + 1)1/2ξ‖2 .
Using (154) and (108) we also find
|〈ξ, E(4)102ξ 〉| ≤ C N 1−2α‖(N+ + 1)1/2ξ‖2 .
For the third term in (153) we switch to position space and use (109):








ds ‖(N + 1)−1/2ďyb∗(σ̌ (s)x )ξ‖‖(N + 1)1/2ξ‖
≤ C‖η̌‖∞‖η‖
∫






‖b∗(σ̌ (s)x )ξ‖ +
1
N




≤ C N 1−α‖(N+ + 1)1/2ξ‖2 .





























With |γ (s)q − 1| ≤ C |ηq |2, (154) and ‖d∗q ξ‖ ≤ C‖η‖‖(N+ + 1)1/2ξ‖, we find
|〈ξ, E(4)1041ξ 〉| ≤ C N 1−3α‖(N+ + 1)1/2ξ‖2
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As for E
(4)

























dxdy e2N V (eN (x − y))‖(N+ + 1)1/2ξ‖
× N−1
[
‖ǎyN+ξ‖ + ‖ǎx ǎyN 1/2+ ξ‖
]
≤ C N 1−α‖(N+ + 1)1/2ξ‖2 + C N 1/2−α‖(N+ + 1)1/2ξ‖‖V1/2N ξ‖
Let us consider the last term in (153). Switching to position space and using (111) in Lemma





dxdy e2N V (eN (x − y))‖(N+ + 1)1/2ξ‖
∫ 1
0
ds‖(N+ + 1)−1/2ď(s)x ď(s)y ξ‖
≤ C N‖η‖‖(N+ + 1)1/2ξ‖
∫
Λ2
dxdy e2N V (eN (x − y))
×
[
‖(N+ + 1)1/2ξ‖ + ‖η‖‖ǎxξ‖ + ‖η‖‖ǎyξ‖ + N−1/2‖η‖‖ǎx ǎyξ‖
]
≤ C N 1−α‖(N+ + 1)1/2ξ‖2 + C N 1/2−2α‖(N+ + 1)1/2ξ‖‖V1/2N ξ‖ .
Summarizing, we have shown that (152) can be bounded by
|〈ξ, E(4)10 ξ 〉| ≤C N 1/2−α‖V
1/2
N ξ‖‖(N+ + 1)
1/2ξ‖ + C N 1−α‖(N+ + 1)1/2ξ‖2 (155)
for any α > 1, ξ ∈ F≤N+ . Next, we come back to the terms W11, W12, W13 introduced in






V̂ (r/eN )ηq+r (bqb−q + h.c.) + E(4)11 , (156)
where E
(4)
11 is such that
|〈ξ, E(4)11 ξ 〉| ≤ C N 1−2α‖(N+ + 1)ξ‖2 .












where ±E(4)12 ≤ C N−αN+ + N 1−3α .





















































































With (154), we immediately find
±E(4)133 ≤ C N 1−α(N+ + 1), ±E
(4)
134 ≤ C N−α(N+ + 1) .
With |γ (s)q − 1| ≤ Cη2q , Lemma 4 and, again, (154), we also obtain
|〈ξ, E(4)131ξ 〉| ≤ C N 1−3α‖(N+ + 1)1/2ξ‖2 .
Let us now consider E
(4)




y + (N+/N )b∗(η̌y) and using
(110), we obtain












≤ C N 1−α
∫
Λ2
dxdy e2N V (eN (x − y))‖(N+ + 1)1/2ξ‖
×
[
‖(N+ + 1)1/2ξ‖ + ‖ǎyξ‖ + ‖ǎxξ‖ + N−1‖ǎx ǎyN 1/2+ ξ‖
]
≤ C N 1−α‖(N+ + 1)1/2ξ‖2 + C N 1/2−α‖(N+ + 1)1/2ξ‖‖V1/2N ξ‖ .
It follows that
|〈ξ, E(4)13 〉| ≤ C N 1/2−α‖V
1/2
N ξ‖‖(N+ + 1)
1/2ξ‖ + C N 1−α‖(N+ + 1)1/2ξ‖2.

























|〈ξ, E(4)1 ξ 〉| ≤ C N 1/2−α‖V
1/2
N ξ‖‖(N+ + 1)
1/2ξ‖ + C N 1−α‖(N+ + 1)1/2ξ‖2 ,









e−s B b̌∗x b̌
∗
ye
s Ba∗(η̌x )ǎy + h.c.
)
123
Bose–Einstein Condensation for 2D Bosons in the Gross–Pitaevskii Regime Page 59 of 72 39
with η̌x (z) = η̌(x − z). By Cauchy–Schwarz, we have
|〈ξ, W2ξ 〉| ≤
∫
Λ2




× ‖(N+ + 1)1/2e−s B b̌x b̌yes Bξ‖‖(N+ + 1)−1/2a∗(η̌x )ǎyξ‖ .
With
‖(N+ + 1)−1/2a∗(η̌x )ǎyξ‖ ≤ C‖η‖‖ǎyξ‖ ≤ C N−α‖ǎyξ‖
and using Lemma 6, we obtain
|〈ξ, W2ξ 〉| ≤ C N−α
∫
Λ2
dxdy e2N V (eN (x − y))‖ǎyξ‖
×
{
N‖(N+ + 1)1/2ξ‖ + N‖ǎxξ‖ + N‖ǎyξ‖ + N 1/2‖ǎx ǎyξ‖
}
≤ C N 1−α ‖(N+ + 1)1/2ξ‖2 + C N 1/2−α‖(N+ + 1)1/2ξ‖‖V1/2N ξ‖ .
(160)













e−s B b̌∗x b̌
∗
ye
s B e−τ Bb∗(η̌x )b
∗(η̌y)e




|〈ξ, W3ξ 〉| ≤
∫
Λ2






dτ ‖(N+ + 1)1/2e−s B b̌x b̌yes Bξ‖
× ‖(N+ + 1)−1/2e−τ Bb∗(η̌x ) b∗(η̌y)eτ Bξ‖ .
With Lemma 2, we find
‖(N+ + 1)−1/2e−τ Bb∗(η̌x ) b∗(η̌y)eτ Bξ‖ ≤ C‖η‖2‖(N+ + 1)1/2ξ‖ .
Using Lemma 6, we conclude that
|〈ξ, W3ξ 〉| ≤ C‖η‖2
∫
Λ2
dxdy e2N V (eN (x − y))‖(N+ + 1)1/2ξ‖
×
{
N‖(N+ + 1)1/2ξ‖ + N‖ǎxξ‖ + N‖ǎyξ‖ + N 1/2‖ǎx ǎyξ‖
}
≤ C N 1−2α ‖(N+ + 1)1/2ξ‖2 + C N 1/2−2α‖V1/2N ξ‖‖(N+ + 1)
1/2ξ‖.
(161)
The term W4 in (150) can be bounded similarly. In position space, we find
W4 =
∫









e−s B b̌∗x b̌
∗
y e
s B e−τ Bb(η̌2x )b̌ye
τ B + h.c.
)
with η̌2 the function with Fourier coefficients η2q , for q ∈ Λ∗, and where η̌2x (y) := η̌2(x − y).
Clearly ‖η̌2x‖ ≤ C‖η̌‖2 ≤ C N−2α . With Cauchy–Schwarz and Lemma 2, we obtain








dxdy e2N V (eN (x − y))‖(N+ + 1)1/2b̌y b̌x es Bξ‖‖b̌yeτ Bξ‖.
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Applying Lemma 6 and then Lemma 2, we obtain








dxdy e2N V (eN (x − y))‖b̌yeτ Bξ‖
×
{
N‖(N+ + 1)1/2ξ‖ + N‖ǎxξ‖ + N‖ǎyξ‖ + N 1/2‖ǎx ǎyξ‖
}
≤ C N 1−2α‖(N+ + 1)1/2ξ‖2 + C N 1/2−2α‖V1/2N ξ‖‖(N+ + 1)
1/2ξ‖ .
From (159), (160), (161) and the last bound, we conclude that
G
(4)
























N ,α satisfies (149). ⊓⊔
Appendix A.6: Proof of Proposition 1
With the results established in Sects. 1–1, we cam now show Proposition 1. Propositions 12,

















]( N − N+
N
)( N − N+ − 1
N
)




































+ VN + E1
(162)
where
|〈ξ, E1ξ 〉| ≤ C N 1/2−α‖H1/2N ξ‖‖(N+ + 1)
1/2ξ‖ + C N 1−α‖(N+ + 1)1/2ξ‖2


















V̂ (p/eN ) + Ne2N λℓχ̂ℓ(p) + e2N λℓ
∑
q∈Λ∗
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From Lemma 1 and estimating ‖χ̂ℓ‖ = ‖χℓ‖ ≤ C N−α , ‖η‖ ≤ C N−α and ‖χ̂ℓ ∗ η‖ =











∣∣∣ ≤ C N 2α−1‖χ̂ℓ ∗ η‖‖η‖ ≤ C N−1 .



















]( N − N+
N


































dxV (x) fℓ(x) − V̂ (0)
)
+ Ẽ2












]( N − N+
N






ω̂N (0) − N V̂ (0)
]
(N − N+ − 1) (N − N+) + E3
(163)






















Ne2N λℓχ̂ℓ(p) + e2N λℓ
∑
q∈Λ∗
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≤ C N 1/2−2α‖K1/2ξ‖‖(N+ + 1)1/2ξ‖ .




(χ̂ℓ ∗ η)(p)(b∗pb∗−p + bpb−p)ξ 〉
∣∣∣
≤ C N 2α−1‖(N+ + 1)1/2ξ‖
∫
Λ2
dxdy χℓ(x − y)|η̌(x − y)|‖(N+ + 1)−1/2b̌x b̌yξ‖
≤ C Nα−1‖(N+ + 1)1/2ξ‖
[∫
Λ2
dxdy χℓ(x − y)‖(N+ + 1)−1/2ǎx ǎyξ‖2
]1/2
.
The term in parenthesis can be bounded similarly as in (80). Namely,
∫
Λ2
dxdy χℓ(x − y)‖(N+ + 1)−1/2ǎx ǎyξ‖2 ≤ Cq N−2α/q
′‖K1/2ξ‖2




(χ̂ℓ ∗ η)(p)(b∗pb∗−p + bpb−p)ξ 〉
∣∣∣
≤ C N−1(log N )1/2‖(N+ + 1)1/2ξ‖‖K1/2ξ‖ ,






























|〈ξ, E4ξ 〉| ≤ C N−1(log N )1/2‖(N+ + 1)1/2ξ‖‖K1/2ξ‖.













































+ K + VN + E5 ,
(166)
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with
|〈ξ, E5ξ 〉| ≤ C N 1/2−α‖H1/2N ξ‖‖(N+ + 1)
1/2ξ‖ + C N 1−α‖(N+ + 1)1/2ξ‖2
+ C N−1(log N )1/2‖K1/2ξ‖‖(N+ + 1)1/2ξ‖ + C‖ξ‖2 ,
for any α > 1. Observing that |V̂ (p/eN )− V̂ (0)| ≤ C |p|e−N in the second line on the r.h.s.
of (166), we arrive at GN ,α = GeffN ,α + EG , with GeffN ,α defined as in (42) and with EG that
satisfies (43).
Appendix B: Properties of the Scattering Function
Let V be a potential with finite range R0 > 0 and scattering length a. For a fixed R > R0,
we study properties of the ground state fR of the Neumann problem
(




fR(x) = λR fR(x) (167)
on the ball |x | ≤ R, normalized so that fR(x) = 1 for |x | = R. Lemma 1, parts (i)–(iv),
follows by setting R = eN ℓ in the following lemma.
Lemma 7 Let V ∈ L3(R2) be non-negative, compactly supported and spherically symmetric,
and denote its scattering length by a. Fix R > 0 sufficiently large and denote by fR the
Neumann ground state of (167). Set wR = 1 − fR . Then we have
0 ≤ fR(x) ≤ 1

























Finally, there exists a constant C > 0 such that
|wR(x)| ≤ χ(|x | ≤ R0) + C
log(|x |/R)
log(a/R)




χ(|x | ≤ R)
|x | + 1
(170)
for R large enough.
To show Lemma 7 we adapt to the two dimensional case the strategy used in [8, Lemma
A.1] for the three dimensional problem. We will use some well known properties of the zero
energy scattering equation in two dimensions, summarized in the following lemma.
Lemma 8 Let V ∈ L3(R2) non-negative, with supp V ⊂ BR0(0) for an R0 > 0. Let a ≤ R0
denote the scattering length of V . For R > R0, let φR : R2 → R be the radial solution of






φR = 0 (171)
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for all |x | > R0. Moreover, |x | → φR(x) is monotonically increasing and there exists a
constant C > 0 (depending only on V ) such that









|x | + 1 (174)
for all x ∈ R2.
Proof The existence of the solution of (171), the expression (172), the fact that φR(x) ≥ 0
and the monotonicity are standard (see, for example, Theorem C.1 and Lemma C.2 in [17]).
The bound (173) for φR(0) follows from (172), comparing φR(0) with φR(x) at |x | = R0,
with Harnack’s inequality (see [24, Theorem C.1.3]). Finally, (174) follows by rewriting
(171) in integral form










For |x | ≤ R0, this leads (using that φR(y) ≤ log(R0/a)/ log(R/a) for all |y| ≤ R0 and the




|x − y| dy ≤
C‖V ‖3
log(R/a)
Combining with the bound for |x | > R0 obtained differentiating (172), we obtain the desired
estimate. ⊓⊔
Proof of Lemma 7 By standard arguments (see for example [17, proof of theorem C1]), fR(x)
is spherically symmetric and non-negative. We now start by proving an upper bound for λR ,
consistent with (168). To this end, we calculate the energy of a suitable trial function. For
k ∈ R we define




with J0 and Y0 the zero Bessel functions of first and second type, respectively. Note that
−Δψk(x) = k2ψk(x) .
and ψk(x) = 0 if |x | = a. We define k = k(R) to be the smallest positive real number



















= −k J1(k R) + k
J0(ka)
Y0(ka)
Y1(k R) , (176)
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and we expand for k R, ka ≪ 1 using (with γ the Euler constant)























































+ 2 + O((k R)4 + (ka)2)
}
(178)
The smallest solution of
(k R)4
8





+ 2 = 0
is such that







in the limit of large R. Inserting in (178), we find that the r.h.s. changes sign around the
value of k defined in (179). By the intermediate value theorem, we conclude that there is a
k = k(R) > 0 satisfying (175), such that ∂rψk(R)(x) = 0 if |x | = R.
Now, letφR(x)be the solution of the zero energy scattering equation (171), withφR(x) = 1
for |x | = R. We set
ΨR(x) := ψk(m R(x)) = J0(km R(x)) −
J0(ka)
Y0(ka)
Y0(km R(x)) , (180)
with k = k(R) satisfying (175) and





With this choice we have m R(x) = |x | outside the range of the potential; hence ΨR(x) =
ψk(x) for R0 ≤ |x | ≤ R. In particular, ΨR satisfies Neumann boundary conditions at |x | = R.
From (172), (173) and the monotonicity of φR , we get
Ca ≤ m R(x) ≤ R0 for all 0 ≤ |x | ≤ R0 (181)
and for a constant C > 1, independent of R. From (174) we also get
|∇m R(x)| ≤ C for all 0 ≤ |x | ≤ R . (182)
With the notation h = −Δ + 1
2














|ΨR(x)|2 dx . (183)
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∣∣∣∣ ≤ C(km R(x))
2 , (184)
Next, we compute −ΔΨR(x). With













we obtain (here, we use the notation m′R and m
′′
R for the radial derivatives of the radial
function m R)



















































V m R φR log(R/a) =
1
2



























































With (185), (177) and (181), (182), we find






V (x)m2R(x) log(m R(x)/a)
)
≤ Ck2(1 + V (x)) .
Next, with |J2(r) − r2/8| ≤ Cr4 we get
|g(2)R (x)| ≤ Ck
4(m′R(x))
2(m R(x))
2 ≤ Ck4 .
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With (184), we can also bound




≤ Ck2 log−1(ka) .
We conclude that |gR(r)| ≤ C(1 + V (x))k2 for all r ≤ R0 and R large enough. Finally,






∣∣∣ ≤ C ,






















with |h R(x)| ≤ C(1 + V (x))k2 for all r ≤ R0, R large enough. With the identities (186) and
(187) we obtain





V (x) log(m R(x)/a)
∣∣∣∣ ≤ C(1 + V (x))k
2 ,




∣∣∣ ≤ C(1 + V (x))k2 . (188)

















(1 + V (x)) dx .













log2(|x |/a)dx ≥ C R2 .






















in agreement with (168).
To prove the lower bound for λR it is convenient to show some upper and lower bounds for
fR . We start by considering fR outside the range of the potential. We denote εR =
√
λR R.
Keeping into account the boundary conditions at |x | = R, we find, for R0 ≤ |x | ≤ R,
fR(x) = AR J0(εR |x |/R) + BR Y0(εR |x |/R) ,
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From (190), we have |εR | ≤ C | log(R/a)|−1/2. Thus, we can expand fR for large R, using









)∣∣∣∣ ≤ C r
2 ,
we find





γ /2) − 1









) ∣∣∣ ≤ Cε6R .
(191)
which leads to

















≤ Cε4R(log εR)2 .
(192)
We can also compute the radial derivative




AR J1(εR r/R) + BR Y1(εR r/R)
)
.















R log εR . (193)
The bound (193) shows that ∂r fR(x) is positive, for, say, R0 < |x | < R/2. Since ∂r fR(x)
must have its first zero at |x | = R, we conclude that fR is increasing in |x |, on R0 ≤ |x | ≤ R.
From the normalization fR(x) = 1, for |x | = R, we conclude therefore that fR(x) ≤ 1, for
all R0 ≤ |x | ≤ R.
From (192) and (190) we obtain, on the other hand, the lower bound
fR(x) ≥ 1 −
ε2R
2
log(R/|x |) − Cε4R(log εR)2



















− C log(R/|x |)
log3(R/a)
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for all R∗ < |x | ≤ R.
Finally, we show that fR(x) ≤ 1 also for |x | ≤ R0. First of all, we observe that, by elliptic
regularity, as stated for example in [12, Theorem 11.7, part iv)], there exists 0 < α < 1 and
C > 0 such that
| fR(x) − fR(y)| ≤ C‖(V − 2λR) fR‖2 |x − y|α
With ‖V fR‖2 ≤ ‖V ‖3‖ fR‖6 ≤ C‖ fR‖H1 ≤ C(1 + λR)‖ fR‖2, we conclude that 0 ≤
fR(x) ≤ 1 + C‖ f ‖2 for all |x | ≤ R0 (because we know that fR(x) ≤ 1 for R0 ≤ |x | ≤ R).




V fR − λR fR ≥ −λR(1 + C‖ f ‖2) (196)
This implies that fR(x)+λR(1+C‖ f ‖2)x2/2 is subharmonic. Using (192), we find fR(x) ≤
1 − Cε2R for |x | = R0. From the maximum principle, we obtain therefore that
fR(x) ≤ 1 − Cε2R + CλR(1 + C‖ fR‖2) (197)
for all |x | ≤ R0. In particular, this implies that ‖ fR1|x |≤R0‖2 ≤ C+CλR‖ fR‖2, and therefore
that
‖ fR1R0≤|x |≤R‖2 ≥ ‖ fR‖2(1 − CλR) − C
With fR(x) ≤ 1 for R0 ≤ |x | ≤ R, we find, on the other hand, that ‖ fR1R0≤|x |≤R‖2 ≤ C R.
We conclude therefore that ‖ fR‖2 ≤ C R and, from (197), that fR(x) ≤ 1−Cε2R +C/R ≤ 1,
for all |x | ≤ R0, if R is large enough.
We are now ready to prove the lower bound for λR . We use now that any function Φ
satisfying Neumann boundary conditions at |x | = R can be written as Φ(x) = q(x)ΨR(x),
with ΨR(x) the trial function used for the upper bound and q > 0 a function that satisfies
Neumann boundary condition at |x | = R as well. This is in particular true for the solution
fR(x) of (167). In the following we write
fR(x) = qR(x)ΨR(x)
where qR satisfies Neumann boundary conditions at |x | = R. From (184), we find |ΨR(x)| ≥
C/ log(ka). The bound fR(x) ≤ 1 implies therefore that there exists c > 0 such that
qR(x) ≤ C log(ka) ∀ |x | ≤ R0 . (198)
From the identity
h fR = (hΨR)qR − (ΔqR)ΨR − 2∇qR∇ΨR
we have ∫
|x |≤R
dx fRh fR =
∫
|x |≤R
dx |∇qR |2Ψ 2R +
∫
|x |≤R
dx |qR |2ΨRhΨR .
From (188) and (189), we have
∣∣ΨR(x)(hΨR)(x) − k2Ψ 2R(x)
∣∣ ≤ C k
2
| log ka| (1 + V (x))χ(|x | ≤ R0) .
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dx (1 + V (x))|qR(x)|2 . (199)
With (198), we obtain
∫
|x |≤R
dx fRh fR ≥ k2‖ fR‖2 − Ck2 log(ka) .




| fR(x)|2 dx ≥
C R2
log2(R/a)
























where in the last inequality we used (175).
To prove (169) we use the scattering equation (167) to write
∫
dx V (x) fR(x) = 2
∫
|x |≤R




Passing to polar coordinates, and using that Δ fR(x) = |x |−1∂r |x |∂r fR(x), we find that the
first term vanishes. Hence
∫
dx V (x) fR(x) = 2λR
∫
dx fR(x) .
With the upper bound fR(r) ≤ 1 and with (168), we find
∫








To obtain a lower bound for the same integral we use that fR(r) ≥ 0 inside the range of the
potential. Outside the range of V , we use (192). We find
∫
dx V (x) fR(x) ≥ 4πλR
∫ R
R0
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Moreover ∂r fR(x) = 0 if |x | = R, by construction.
On the other hand, if |x | ≤ R0, we have wR(x) = 1 − fR(x) ≤ 1. As for the derivative,








f̃ ′′R(s)s + f̃ ′R(s)
)
.




f̃ ′R(r) = λR f̃R(r) −
1
2
Ṽ (r) f̃R(r) ,
By (200), we can estimate f̃R(R0) ≤ C/ log(R/a). From (196), we also recall that
f̃R(r) ≤ f̃R(R0) + C RλR ≤ C/ log(R/a)
for any r < R0. We conclude therefore that




















dr r Ṽ (r)
≤ C
log(R/a)
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